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Direction of local steepest descent

Let's consider a linear approximation of the
differentiable function f along some direction
hs [[h]y = 1:
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Direction of local steepest descent

Let's consider a linear approximation of the
differentiable function f along some direction
hs [[h]y = 1:

f(z +ah) = f(z) + o(f'(x), h) + o(a)
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Direction of local steepest descent

Let's consider a linear approximation of the
differentiable function f along some direction
hs [[h]y = 1:

[z +ah) = f(z) + aff'(x), h) + o(a)

We want h to be a decreasing direction:

flz+ ah) < f(x)

f@@) +a(f'(x), h) + o(a) < f(z)
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Direction of local steepest descent

Let's consider a linear approximation of the
differentiable function f along some direction
hs [[h]y = 1:

flx+ah) = f(x) + off'(x),h) + o(a)

We want h to be a decreasing direction:

flz+ah) < f(x)

f@@) +a(f'(x), h) + o(a) < f(z)

and going to the limit at o — O:

f(@),h) <0
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Direction of local steepest descent

Let's consider a linear approximation of the Also from Cauchy-Bunyakovsky—Schwarz inequality:
differentiable function f along some direction
h7 h =1: /
Il /@)1 < 1 @)l
(f'(@), h) = =" @)kl = =] (2)l2

[z +ah) = f(z) + aff'(x), h) + o(a)

We want h to be a decreasing direction:

flz+ah) < f(x)

f(@)+af'(x),h) + ola) < f(z)

and going to the limit at o — O:

(f'(z),h) <0
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Direction of local steepest descent

Let's consider a linear approximation of the Also from Cauchy-Bunyakovsky—Schwarz inequality:
differentiable function f along some direction
h7 h =1: 7 ’

Il @), < 17 @)l

(@), h) = =" (@)llallhlls = = ()]
Thus, the direction of the antigradient
f=)
flz+ah) < f(x) @),

gives the direction of the steepest local decreasing of the function f.

[z +ah) = f(z) + aff'(x), h) + o(a)

We want h to be a decreasing direction:

f(@)+af'(x),h) + ola) < f(z)

and going to the limit at o — O:

(f'(z),h) <0

— mi .
‘f fnﬂ Gradient Descent


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Direction of local steepest descent

Let's consider a linear approximation of the Also from Cauchy-Bunyakovsky—Schwarz inequality:
differentiable function f along some direction
h7 h =1: 7 ’

Il @), < 17 @)l

(f'(@),h) = = (@)la2lhlly = =1 ()]

Thus, the direction of the antigradient

[z +ah) = f(z) + aff'(x), h) + o(a)

We want h to be a decreasing direction:

_ f@
flz+ah) < f(x) @),
gives the direction of the steepest local decreasing of the function f.
f(@) +alf/(z),h) +ola) < f(z) The result of this method is
and going to the limit at o — O: Tppy = T — oof (2)

(f'(z),h) <0
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Gradient flow ODE

Let's consider the following ODE, which is referred to as the Gradient Flow equation.
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Gradient flow ODE

Let's consider the following ODE, which is referred to as the Gradient Flow equation.

dx
dt
and discretize it on a uniform grid with « step:

=—f"(z(1))

(GF)

Try1 — L
«

= _f/(xk)v

Niests

= Y ow\(xb
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Gradient flow ODE

Let's consider the following ODE, which is referred to as the Gradient Flow equation.

dx ,
a —f"(z(1))
and discretize it on a uniform grid with « step:
Lrt1 — Lg —
a f ('Tk)v

where z;, = x(t;,) and o = t;, .| —t;, - is the grid step.
From here we get the expression for x;_ ;

L1 = L — af(zy),

which is exactly gradient descent.
Open In Colab &
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Gradient flow ODE

Let's consider the following ODE, which is referred to as the Gradient Flow equation. alectories with Contour Pot

o~ Gradient Descent with step 1.0e-01 —

i f((t)) T
Yy

dt

and discretize it on a uniform grid with « step:

L1 — L _ _f/(

a xk)v

where z;, = x(t;,) and o = t;, .| —t;, - is the grid step.
From here we get the expression for x;_ ; Convergence of Function Vaue

—e~ Gradient Descent with step 1.0e-01
—— Gradient Flow ODE

Lhy1 = T — af(zy),

which is exactly gradient descent.
Open In Colab &

o 5 o 15 20 25 30
Iteration/Time step (n_steps * alpha)

Figure 1: Gradient flow
trajectory
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Convergence of Gradient Descent algorithm

Heavily depends on the choice of the learning rate «a:

Loss value 0.87

w1 0.50, w»p 3.00
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Exact line search aka steepest descent

Nerey waueso

= i = i —aV
ap = arg min f(zy,,) = arg min f(z, — aVf(zy))

LD
Onyekey

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot.
An interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one:
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Exact line search aka steepest descent

= i = i —aV
ap = arg min f(zy,,) = arg min f(z, — aVf(zy))

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot.
An interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one: oy, = arg min f(xy —aVf(xy)) xkﬂ(i) = Xz - J\V’F(Kg
Optimality conditions: )S:(X Kes J\>> _— —/

a% _@i Ot _
@d" @Xk—(— 6&\

v@{m@f - V;(@
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Exact line search aka steepest descent
;. = arg min f(z =arg min f(x, —aVf(x
k gaewf( k1) gaewf( E fxr))
More theoretical than practical approach. It also allows you to analyze the convergence, but

often exact line search can be difficult if the function calculation takes too long or costs a lot.
An interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one:
oy, = arg min f(z, —aV f(zy))
aeRt

Optimality conditions:

vf(karl)va(xk) =0

— mi "
‘f Wy‘rﬁ Gradient Descent

Figure 2: Steepest
Descent

Open In Colab &
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Coordinate shift uxl@ O(V\ }

Consider the following quadratic optimization problem: AX—— >
0 o

1

T T 1
min f(z) = min —z' Az —b'z + ¢, |where A € S, .
rERI f( ) z€R4 2 " t

= B
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Coordinate shift

Consider the following quadratic optimization problem:

1
. . T T d
min f(z) = min —z' Ax —b'x + ¢, where A € S% .
r€RI f( ) z€R 2 oW t 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.

|

— mi .
‘f 51'1;!; Strongly convex quadratics
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Coordinate shift

Consider the following quadratic optimization problem:

1
. . T T d
min f(z) = min —z' Ax —b'x + ¢, where A € S% .
zcR4 f( ) zeRd 2 oW t

® Firstly, without loss of generality we can set ¢ = 0, which will or affect

optimization process.

® Secondly, we have a spectral decomposition of the matrix A:

— mi .
‘f fnﬂ Strongly convex quadratics

A= QAQT

|



Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min ~z" Az —b'z + ¢, where A € S%,
z€R4 zcRd 2 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQ" .

® |et's show,that we can switch coordinates to make an ana|y5|s a little bit

easier. Let|Z where z* is the mini
function, defi * = b. At the same tim

" 0&]@' cghk'l/

initial — /—\\

— mi .
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Coordinate shift

Consider the following quadratic optimization problem:

. 1
min f(z) = min ~2" Az —b'z + ¢, where A € S¢ .
z€R4 zeRd 2 2
® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQ" .

® |et's show, that we can switch coordinates to make an analysis a little bit
easier. Let Z = Q7 (z — x*), where z* is the minimum point of initial
function, defined by Az* = b. At the same time x = QT + x*.

f(@) = %(Qi +2)TAQZ +2*) — b (Q + x¥)

— mi .
‘f fnﬂ Strongly convex quadratics
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Coordinate shift

Consider the following quadratic optimization problem:
: - T d
min f(z) = min ~o' Az —b'x + ¢, where A € S .
z€R4 zeRd 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQ"
® |et's show, that we can switch coordinates to make an analysis a little bit

easier. Let Z = Q7 (z — x*), where z* is the minimum point of initial
function, defined by Az* = b. At the same time x = QT + x*.

f(@)

2(Qi +2)TAWQ# +a%) —bT(Qi )

= SATQTAQE + ()T AQR + 4 ()T Aa*)T — b Q7 — b
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® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A= QAQT

® |et's show, that we can switch coordinates to make an analysis a little bit
easier. Let Z = Q7 (z — x*), where z* is the minimum point of initial
function, defined by Az* = b. At the same time x = Q7 + x*.
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Now we can work with the function f(x) = f;rTAx with 2* = 0 without loss of generality (drop the hat from the Z)

ol =2 —ofFV (b)) = K KAX (I OLK I\. XK
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Convergence analysis
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Now we can work with the function f(z) = 227 Az with 2* = 0 without loss of generality (drop the hat from the )

2Pl = gF — PV f(2F) = 2F — oFAxF
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Convergence analysis
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Convergence analysis
Now we can work with the function f(z) = 127 Az with 2* = 0 without loss of generality (drop the hat from the &)
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Convergence analysis
Now we can work with the function f(z) = 127 Az with 2* = 0 without loss of generality (drop the hat from the &)

2Pl = gF — PV f(2F) = 2F — oFAxF
= (I —aFA)zF
azgjl =(1—aFAr @)T @

k:l k k,.0
iy = (L—afAg)ag,

) For i-th coordinate

Let's use constant stepsize o = . Convergence

dition: ¢ I OLA
o pla) = max 1—adyl<1|& CNKTPOND kg QL ?""M GUPUU{H L
Remember’ that )‘min =K > 07 )‘max =L> M- 2 - J rk >o l—— J >0

|1g4ﬂ<\ - dlleh &<3> «i<%f
1 & (-dp 4l -t <1 -db ¢ f*
I\ks( L=

< 0
0 7 V% RS L%
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with 2* = 0 without loss of generality (drop the hat from the )

2Pl = gF — PV f(2F) = 2F — oFAxF
= (I —aFA)zF

mfgl =(1- ak)\(i))x@) For i-th coordinate

kel _ kY \k
ac<;)’ =(1—=a"\;) x?i>

Let's use constant stepsize a*

condition:

= «. Convergence
pla) = max [T —aX;l <1

Remember, that A, =1 > 0,A,,, =L > p.

max

1 —ap| <1

‘f - 51'1;!; Strongly convex quadratics 0 O
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Convergence analysis

Now we can work with the function f(z) = 127 Az with 2* = 0 without loss of generality (drop the hat from the &)
Now we would like to tune « to choose the best (lowest)
pFtl = oF — PV f(aF) = 2% — oF AxP convergence rate
= (I —aFA)zF
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Convergence analysis
Now we can work with the function f(z) = 127 Az with 2* = 0 without loss of generality (drop the hat from the &)

Now we would like to tune « to choose the best (lowest)

pFtl = oF — PV f(aF) = 2% — oF AxP convergence rate
= (I —a*A)z*
mfgl (1— ak)\(i))xfi) For i-th coordinate Pt = rrgn pla) = mm max |1 —arpl =
2y = (1= akrg)Fapy - mm e | (-dM, 1+-dL))
Let's use constant stepsize a* = a. Convergence A
condition: () = a1 — g <1 i
= m; 0

Remember, that| A\, =41 > 0,A ., =L > p.

1—aul <1 1—al|l<1
—l<l—ap<1 —1<l-aL<1
2 2
a< — ap >0 a< — al >0 N
1% L . rd
a < % is needed for convergence. 0 _L_ ﬁ_
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Convergence analysis
1

Now we can work with the function f(z) = 227 Ax with * = 0 without loss of generality (drop the hat from the Z)

2

2Pl = gF — PV f(2F) = 2F — oFAxF
= (I —aFA)zF

mfgl =(1- ak)\(i))xfi) For i-th coordinate

kel _ kY \k
ac<;)’ =(1—=a"\;) x?i>

Let's use constant stepsize a*

condition:

= «. Convergence

pla) = max [T —aX;l <1

Remember, that A, =1 > 0,A,,, =L > p.
1—aul <1 1—al|l<1
—1<l—ap<l —1<l—aL<1

2 2
a< — ap >0 a< — al >0
o L

a < % is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)
convergence rate

p* = min p(a) = minmax |1 — ad;)|
« [e3 3

=min{[1 —apl, |1 —all}
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a': 1l—a'‘pu=a'L—-1
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Convergence analysis

Now we can work with the function f(z) = 127 Az with 2* = 0 without loss of generality (drop the hat from the &)
Now we would like to tune « to choose the best (lowest)
pFtl = oF — PV f(aF) = 2% — oF AxP convergence rate
= (I —aFA)zF
mfgl =(1—- ak)\(i))xfi) For i-th coordinate Pt = rrgn pla) = rrgn max T — g
xéﬁl = (1 —a"Ag)kap, =min {|1 —aul|, [1 —aLl}
Let's use constant stepsize o = . Convergence a': l-a'p=a’'l -1
condition: . 2 . L—u
o = pt =
p(a):miax\l—aA(i)\<l w+L L+pu
k
Remember, that A, =1 > 0,A,,, =L > p. o (ﬂ) 20
L+pu
1—aul <1 1—al|l<1
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2 2
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a < % is needed for convergence.
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Convergence analysis

L is sometimes called condition

aol 7 2 wheren:z

So, we have a linear convergence in the domain with rate = —=
R+l PES|
number of the quadratic problem.

Iterations to decrease domain gap 10 times Iterations to decrease function gap 10 times

K p
1.1 0.05 1 1

2 0.33 3 2

5 0.67 6 3
10 0.82 12 6
50 0.96 58 29
100 0.98 116 58
500 0.996 576 288
1000 0.998 1152 576

— mi .
‘f EHA}‘; Strongly convex quadratics
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‘f — min
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Polyak-Lojasiewicz smooth case

Polyak-Lojasiewicz smooth case
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Polyak-Lojasiewicz condition. Linear convergence of gradient descent without

convexity
PL inequality holds if the following condition is satisfied for some u > 0,

IVf(@)|? > 2u(f(x) — f*)| Vz

It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.

The following functions satisfy the PL condition but are not convex. ®Link to the code

fz) = 22 4 3sin’(z)

Function, that satisfies
Polyak- Lojasiewicz condition

—— f(x) = x2 + 3sin?(x)

-3 -2 -1 0 1 2 3

‘f - §ny1r; Polyak-Lojasiewicz smooth case
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Polyak-Lojasiewicz condition. Linear convergence of gradient descent without

convexity
PL inequality holds if the following condition is satisfied for some p > 0,

IVF@)I? = 2u(f(z) — f*) V=
It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.

The following functions satisfy the PL condition but are not convex. ®Link to the code

.2 o 2
f(z) = 2% 4+ 3sin” () _ (y—sinz)
T,Y) =
f(z,y) 5
Function, that satisfies Non-convex PL function
Polyak- Lojasiewicz condition
g \ = fx)=x%+3sin(x)
6 T 35
g :
= 4 2.0
2 10
O -

-3 -2 -1 0 1 2 3

‘f - ;nyu} Polyak-Lojasiewicz smooth case X @0
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Convergence analysis

wnususyeh ot w‘i“"”“‘
i 6 04@“< L""‘N‘é‘ e [ (L

Theorem

Consider the Problem

) — min
f( ) rERE

and assume that f is u-Polyak-Lojasiewicz and L-smooth, for some L > > 0.
Consider (2%),cy a sequence generated by the gradient descent constant stepsize algorithm, with a stepsize

satisfying 0 < a < L. Then: AureHa s  Cx-Tg

F@®) = < Q= ap)*(f(2°) — ).

‘f - fnﬂ Polyak-Lojasiewicz smooth case P00 O
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Convergence analysis

We can use L-smoothness, together with the update rule of the algorithm, to write DZ

‘f — min
2oz

F(aH) < F(2) + (VF(@H), 0k — k) + bt — ot

L - \J-ﬂ%kocrb

Polyak-Lojasiewicz smooth case
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Convergence analysis

We can use L-smoothness, together with the update rule of the algorithm, to write

FlaH) < F@) 4 (THH), 2 — k) 4 2kt — gt

"

2
F@®) — o VA + izillvf(af’“)ll2

R

VNS § ()
XVL'“,_ L= — oLv'F (k§

— mi N
‘f 5\'1;!; Polyak-Lojasiewicz smooth case
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Convergence analysis

T
We can use L-smoothness, together with the update rule of the algorithm, to write 4 %
L °L ~
P < f(a®) +(VF@h), et —ak) 4 St — 2t
Lo? é
= [(@¥) = o VF()* + == IV f (") °U’

«Q

= f@¥) =5 2= La) [V f(h)[?

‘f - fn‘}'; Polyak-Lojasiewicz smooth case P00 O 14
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Convergence analysis
We can use L-smoothness, together with the update rule of the algorithm, to write
F@H) < F(a) + (V7 (), 21 mk> + 2l o2
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Convergence analysis

JLE |

We can use L-smoothness, together with the update rule of the algorithm, to write

FaH) < F() 4 (VFR), 2k — k) 4 bt — gt
= 1a4) — oV AR + 9 s PL:
= J(*) = 5 (2~ La) [V /(") 72 ‘>
< fla¥) — 2w, - “vﬂw} “1 £~ [yt

where in the last inequality we used our hypothesis on the stepsize that al, < 1.
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Convergence analysis
We can use L-smoothness, together with the update rule of the algorithm, to write
F@hH) < F@h) + (T, 2851 — k) + 2kt — o]
= f(@*) —a| V(") + LTOCQIIVf(ﬂf’“)IIZ

«

= fa*) = 5 (2= La) |V (")
< J(a*) = SV,

where in the last inequality we used our hypothesis on the stepsize that al, < 1.

We can now use the Polyak-Lojasiewicz property to write:

F@h) < fa*) — an(f(a*) = f).

The conclusion follows after subtracting f* on both sides of this inequality and using recursion.
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Any p-strongly convex differentiable function is a PL-function

i Theorem

If a function f(z) is differentiable and p-strongly convex, then it is a PL function.

Proof

By first order strong convexity criterion:

1) 2 f(@) + V@) @y —2) + Sly -3

Putting y = z*:

@) = f(@) + V@)@ =) + Sla” = al3
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Let a = ﬁVf(m) and

b= iz —1*) — L V()

2 2
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Any p-strongly convex differentiable function is a PL-function
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Any p-strongly convex differentiable function is a PL-function

1

2
f@)— fla*) < (nw Iz - H\Fw—x \/ﬁvm))
2

fl@) = f(z7) < *|| F@)I3, PL
AR = ap (F0 - £«

N
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Any p-strongly convex differentiable function is a PL-function

g< 1 x)|3 — r— L x
f(x)—f(w)§2<ullvf( ) - |V =)~ 2= 560

* 1 2
fl@) = f(z7) < ﬂllvf(x)l\z,
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Any p-strongly convex differentiable function is a PL-function

g< 1 x)|3 — r— L x
f(w)—f(w)£2<ullvf( ) - |V =)~ 2= 560

)

* 1 2
fl@) = f(z7) < ﬁ\lvf(l‘)l\%

which is exactly the PL condition. It means, that we already have linear convergence proof for any strongly convex
function.
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Smooth convex case

i Theorem

Consider the Problem CLAE Y\\ “i}fr:m
e

r) — min
f( ) seRd (-]
and assume that f is convex and L—SIIIOOth, for some L > 0.

Let (xk)keN be the sequence of iterates generated by the gradient descent constant stepsize algorithm, with a
stepsize satisfying 0 < a < % Then, for all z* € argmin f, for all £ € N we have that

O—CE*HZ

2ak

— min
‘f 2,9,z Smooth convex case
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Convergence analysis Awaw. “q‘mé@t\e JV‘G(W‘)

® As it was before, we first use smoothness:

f(a:k'H) < f(mk) + <Vf(a:k),xk+1 _ Ik> + g k+1 _ mk

GD — -—juh-avie >n2+—nw< 5|2
- S ta vt €— db € L
S o < f(a*) - LIV, [ PA LLUE HTHAU

ureped
Cbegacn F@R) = ) 2 IV F@RP ffa = 1 cnyck

Typically, for the convergent gradient descent algorithm the higher the learning rate the faster the convergence.

That is why we often will use a = %
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Convergence analysis

® As it was before, we first use smoothness:
L
F@F) < fak) + (Vf(ah), a?Ht — o) + §||1‘k+1 — zF|]?

F@®) = V") + LTQHVJ‘(JE’“)H2

l‘k
fa*) = 5 (2= La) [V ()2 1)
< f(a*) = SV,

Fab) = fa) = VR o =

Typically, for the convergent gradient descent algorithm the higher the learning rate the faster the convergence.
That is why we often will use a = %

® After that we add convexity:

‘f - fn‘}'; Smooth convex case P00 O 19
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Convergence analysis

® As it was before, we first use smoothness:

JaH) < F@) 4 (TFR), 2 — k) 4 Dttt b

= Ja*) — al VS + LV s
= ") = 5 (2= L) [V S (@) M
< f(a*) = SV,

f@?) = flahh) > iuw(mn? if = %

That is why we often will use a = +.
W
® After that we add convexity: / a Q.

fy) = f(x) +(Vf(z),y — )

Typically, for the convergent gradient descent algorithm the higher the learning rate 5}:@ faster the convergence.
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Convergence analysis

® As it was before, we first use smoothness:
L
F@F) < fak) + (Vf(ah), a?Ht — o) + §||1‘k+1 — zF|]?

F@®) = V") + LTQHVJ‘(JE’“)H2

l‘k
fa*) = 5 (2= La) [V ()2 1)
< f(a*) = SV,

Fab) = fa) = VR o =

Typically, for the convergent gradient descent algorithm the higher the learning rate the faster the convergence.
That is why we often will use a = %

® After that we add convexity:

fy) = f(2) +(Vf(z),y — ) withy = 2",z =a*
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Convergence analysis

® As it was before, we first use smoothness:

JaH) < F@) 4 (TFR), 2 — k) 4 Dttt b

F(&4) — al V)P + Lo 9 ()2
J@k) = 5 (2= La) [V f(a")? 1)
Fa*) = SIV I,

Fab) = fa) = VR o =

IN

Typically, for the convergent gradient descent algorithm the higher the learning rate the faster the convergence.

That is why we often will use @ = +

7.
® After that we add convexity:

> f(z) + (Vf(z),y — ) with y = 2%, 0 = z*
f@@*) = f* <(Vf(z*),z* —z*)
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Convergence analysis
® Now we put Equation 2 to Equation 1:

— min
‘f 2,9,z Smooth convex case
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Convergence analysis

® Now we put Equation 2 to Equats

[ SIviah)? <

— min
‘f 2,4,z Smooth convex case
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Fath) < fla*) = SV F(at

W<+

(Vi

= [+ (Vf(a*), 2" —w—*Vf( "))

— min
‘f 2,9,z Smooth convex case
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Jat*) < fa*) = IV < £+

(Vf(ah).a* %) = S|V fa

= '+ (V") e — 2" = SV b))

—f*+3»<aw< 0,2 (

— min
‘f 2,9,z Smooth convex case
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Convergence analysis

® Now we put Equation 2 to Equation 1:

J@th) < flat
+ (Vf(a").a* —a® = SV (b))

= f*

)= SIVIEHIE < £+ (Vi@

k «

b2k —a%) = SIV (@

= f"+ i <an(x’“),2 (ac ot — —Vf(ack))>
Let a = 2* — z* and b = 2 — 2* — aV f(2F).

2

— min
‘f 2,9,z Smooth convex case
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Convergence analysis
® Now we put Equation 2 to Equation 1:

F@) < (k) = SIVFERIP < £+ (T1@H), 2 — %) = S|V A
= [+ (Vf(z )xb—x——Vf( "))
Q- a%

= g (oI 2 (2 = 2V pah)) 4 8- g*

Let a = zF —2* and b = zF — 2* — aV f(2*). Then a g b = aV f(z* Jand a4 b=2(z" —2* — 9V f(z)).
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Convergence analysis
® Now we put Equation 2 to Equation 1:

F@H) < FaR) = SIVFRI2 < F 4 (V50,2 — 2 — SV Fa) )
= "+ (Vf(@@h),a* = = SV f(a")
=f+ i <an($ )2 (ﬁk*ﬂf* - §Vf(xk))>
Let a = 2F — 2* and b = 2* — 2* — aV f(2*). Then a 4+ b = aV f(z* )anda*b—Q(x —at =5V ))

F@) < 1+ o [Ja* =B — ot — 2" — oV (@3]
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Fah*) < f(a*) = SIVFERIP < £+ (VHR),ab —a7) = SIV )2
= 7+ (V) ok — 2 = SV f(ah)
= b 5 (a2 (2 2 = SVFEH)) )

Let a =2F —z* and b = 2% — 2* —aVf(2*). Thena+b=aVf(z¥)anda—b =2 mil—m*— 2V f(zh)).
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Convergence analysis
® Now we put Equation 2 to Equation 1:

F@H) < FaR) = SIVFRI2 < F 4 (V50,2 — 2 — SV Fa) )
= "+ (Vf(@@h),a* = = SV f(a")
=f+ i <an($ )2 (ﬁk*ﬂf* - §Vf(xk))>
Let a =" — 2" and b = 2% — 2" —aVf(z¥). Then a +b=aVf(z*) and a —b =2 (a* — 2" — §V f(a")).

F@) < 1+ o [Ja* =B — ot — 2" — oV (@3]

* 1 * *
v <t o [l —at)f — o — 23]
; 20 (f(2*) — f*) < [la® — 2*|3 — 2™ — 2¥|3

k=0
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Fah*) < f(a*) = SIVFERIP < £+ (VHR),ab —a7) = SIV )2
= [+ (V) 2 — ot = SV L)
= b 5 (a2 (2 2 = SVFEH)) )
Let a =a2* — 2" and b = 2% — 2" —aVf(z*). Then a +b=aVf(z*)and a —b =2 (a* — 2" —3Vi@ ")
F@) < 1+ o [Ja* =B — ot — 2" — oV (@3]
<+ e ot =2 B = 4 =]

200 (f(2") = f*) < [la® — 2*[3 — 2™ —2¥|3

® Now suppose, that the last line is defined for some index i and we sum over i € [0,k — 1]. Almost all summands
will vanish due to the telescopic nature of the sum:

3)
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Fah*) < f(a*) = SIVFERIP < £+ (VHR),ab —a7) = SIV )2
= 7+ (V) ok — 2 = SV f(ah)
= b 5 (a2 (2 2 = SVFEH)) )
Let a = 2% —2* and b = 2% — 2" — aV f(2¥). Then a +b = aV f(z*) and afb_Q(x —at =5V [z ))
F@) < 1+ o [Ja* =B — ot — 2" — oV (@3]
<+ e ot =2 B = 4 =]

200 (f(2") = f*) < [la® — 2*[3 — 2™ —2¥|3

® Now suppose, that the last line is defined for some index i and we sum over i € [0,k — 1]. Almost all summands
will vanish due to the telescopic nature of the sum: \,o

(00
2042 ath) = f1) <2 — 2| — |2E~T3 3)
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Convergence analysis
® Now we put Equation 2 to Equation 1:

Fah*) < f(a*) = SIVFERIP < £+ (VHR),ab —a7) = SIV )2
= [+ (V) 2 — ot = SV L)
= b 5 (a2 (2 2 = SVFEH)) )
Let a =a2* — 2" and b = 2% — 2" —aVf(z*). Then a +b=aVf(z*)and a —b =2 (a* — 2" —3Vi@ ")
F@) < 1+ o [Ja* =B — ot — 2" — oV (@3]
<+ e ot =2 B = 4 =]

200 (f(2") = f*) < [la® — 2*[3 — 2™ —2¥|3

® Now suppose, that the last line is defined for some index i and we sum over i € [0,k — 1]. Almost all summands
will vanish due to the telescopic nature of the sum:

2042 a ) = f1) <2 — 23 — ot — 2[5 < 2 — 273 (3)
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Convergence analysis

® Due to the monotonic decrease at each iteration f(z'*!) < f(2%):

B

—1

RP@R) <3 fat)

N
Il
(=3

— min
‘f 2,9,z Smooth convex case
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Convergence analysis

® Due to the monotonic decrease at each iteration f(z'*!) < f(2%):
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RP@R) <3 fat)
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® Now putting it to Equation 3:

— min
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Convergence analysis

® Due to the monotonic decrease at each iteration f(z'*!) < f(2%):

® Now putting it to Equation 3:

20k f(2F) — 20k f* < QaZ ) — f*) < |20 — 273

— min
‘f 2,9,z Smooth convex case
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Convergence analysis

® Due to the monotonic decrease at each iteration f(z'*!) < f(2%):

ko

—1

RP@R) <3 fat)

N
Il
(=3

® Now putting it to Equation 3:

k—1

20k f(2F) — 20k f* < Qaz xttl)

||$ - H2

flah) = < T

— min
‘f 2,9,z Smooth convex case
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Convergence analysis

® Due to the monotonic decrease at each iteration f(z'*!) < f(2%):

kf(a*) < ) fla™)
® Now putting it to Equation 3:
20k f(2F) — 20k f* < QaZ ) — f*) < |20 — 273

B LH.TO —ZIZ*”2
kY _ pr < 2% — =*|3 < 2
L e A P T

— min
‘f 2,9,z Smooth convex case

21


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Summary

Gradient Descent: min f(z)

xeR™

l‘k+1 — l‘k _ (Jszf(:Ek)

smooth (non-convex) smooth & convex

smooth & strongly convex (or PL)

1
VS~ 0 (5

=10 ol
g 9

jah) =m0 ()

ot a0 (1-4))

1
k.~ 0 <%10g g>

— min
‘f 2,4,z Smooth convex case
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Numerical experiments

Eigenvalues

1
flx) = ixTA:c —bTr — min

zeR™

Convex quadratics. n=60, random matrix.
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Numerical experiments
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Numerical experiments
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Strongly convex quadratics. n=60, random matrix.
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Numerical experiments
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Numerical experiments
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Numerical experiments

Eigenvalues

Strongly convex quadratics. n=60, uniform spectrum matrix.

100 4

80 A

60 -

40 1

Eigenvalues of A

20 A

‘f — min
Tz

0 20 40
Dimension

Smooth convex case

60

1
flx) = ixTA:c —bTr — min

xeR™

Function gap

104 4
103 4
102 4

101 p

|f(x) = "]

10° 4

1071 4

—— Gradient Descent

50 75 100
Iteration
—-= Steepest Descent

IvAx)Il2

Norm of Gradient

103 m

102 4

10 4

100 m

28


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Numerical experiments

1
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Strongly convex quadratics. n=60, Hilbert matrix.
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments
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