Optimality conditions. Lagrange function.
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i fROCFS , i
The reader will find no figurss-in this work. The methods which | set
forth do not require either constructions or geometrical or mechan-
ical reasonings: but only algebraic operations, subject to a regular
and uniform rule of procedure.

Preface to Mécanique analytique

Figure 1: Joseph-Louis Lagrange
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Background

f(z) — min

f(z)

. Global minimizer
e Local minimizers

mea Stationary points

Figure 2: Illustration of different stationary (critical)
points
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f(z) — min

A set S is usually called a budget set.
We say that the problem has a solution if the budget set is not empty:

z* € S, in which the minimum or the infimum of the given function is
achieved.

® A point z* is a global minimizer if f(z*) < f(z) for all x.
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f(z) — min

A set S is usually called a budget set.
We say that the problem has a solution if the budget set is not empty:
z* € 5, in which the minimum or the infimum of the given function is
achieved.
® A point z* is a global minimizer if f(z*) < f(z) for all x.
® A point z* is a local minimizer if there exists a neighborhood N
of &* such that f(z*) < f(z) for all x € N.
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f(z) = min
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A set S is usually called a budget set.
We say that the problem has a solution if the budget set is not empty:

| \/ z* € 5, in which the minimum or the infimum of the given function is
‘ achieved.

\ [ ® A point z* is a global minimizer if f(z*) < f(z) for all x.

V

® A point z* is a local minimizer if there exists a neighborhood N
of &* such that f(z*) < f(z) for all x € N.

0 ® A point z* is a strict local minimizer (also called a strong local
T N ; . . *
e Global minimizer minimizer) if there exists a neighborhood NV of z* such that
ve  Local minimisers flx*) < f(z) for all z € N with z # x*.
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Background

f(z) = min
zeS
f(il?) | A set S is usually called a budget set.
\ / We say that the problem has a solution if the budget set is not empty:
|
|

‘ ~_ z* € 5, in which the minimum or the infimum of the given function is
\ /\ / achieved.

[
\/ H

® A point z* is a global minimizer if f(z*) < f(z) for all x.
® A point z* is a local minimizer if there exists a neighborhood N

\

of &* such that f(z*) < f(z) for all x € N.
0 ® A point z* is a strict local minimizer (also called a strong local
e Global minimizer minimizer) if there exists a neighborhood IV of * such that
ve  Local minimisers flz*) < f(z) for.all S N with x #r* .
_ ‘ ® We call z* acstationary point (oricritical) if V. f(z*) = 0> Any
mea Stationary points local minimizer of a differentiable function must be a stationary
Figure 2: Illustration of different stationary (critical) point.
points
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Extreme value (Weierstrass) theorem

i Theorem

Let S C R™ be a compact set and f(x) a
continuous function on S. So, the point
of the global minimum of the function
f(z) on S exists.
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Extreme value (Weierstrass) theorem

i Theorem

Let S C R™ be a compact set and f(x) a
continuous function on S. So, the point
of the global minimum of the function
f(z) on S exists.
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Figure 3: A lot of practical problems are theoretically
solvable
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Extreme value (Weierstrass) theorem

i Theorem i Taylor's Theorem

Let S C R™ be a compact set and f(z) a Suppose that f : R™ — R is continuously differentiable and that
continuous function on S. So, the point p € R™. Then we have:

of the global minimum of the function [ p

f(z) on S exists. fle+p) = f(z)+Vfx+tp) for some ¢ € (0,1)

w+E P P

X

Figure 3: A lot of practical problems are theoretically
solvable
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Extreme value (Weierstrass) theorem

i Theorem

Let S C R™ be a compact set and f(x) a
continuous function on S. So, the point
of the global minimum of the function

f(z) on S exists.

Figure 3: A lot of practical problems are theoretically

solvable

‘f — min
Tz

Optimality conditions

i Taylor's Theorem

Suppose that f : R™ — R is continuously differentiable and that
p € R™. Then we have:

flz+p)=flx) +Vfz+tp)Tp for somet € (0,1)

Moreover, if f is twice continuously differentiable, we have:

1
Vf(x+p)=Vf(zx) +/ V2f(x +tp)pdt
0

£ +p) = £(2) + V@)D + 50"V f @ + tp)p

for some t € (0, 1).
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‘f — min
Tz

Unconstrained optimization

Unconstrained optimization
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i First-Order Necessary Conditions

If £* is a local minimizer and f is continuously differentiable in an open neighborhood, then

Vfi@*)=0

AU I
77@5‘@\% =0
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Necessary Conditions

i First-Order Necessary Conditions

If £* is a local minimizer and f is continuously differentiable in an open neighborhood, then
Vf(a*) =0

Proof
Suppose for contradiction that V f(x*) # 0. Define the vector p = —V f(2*) and note that

PV () = [V f)? <0

L
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Necessary Conditions

i First-Order Necessary Conditions

If £* is a local minimizer and f is continuously differentiable in an open neighborhood, then
Vf(z*) =0

Proof
Suppose for contradiction that V f(x*) # 0. Define the vector p = —V f(2*) and note that

PV () = [V f)? <0

Because V f is continuous near z*, there is a scalar T > 0 such that

AR

pIVf(z* +tp) <0, forall t €[0,T]
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Necessary Conditions

i First-Order Necessary Conditions

If 2* is a local min'% ng Eiontinuously differentiable in an open neighborhood, then

Vf(z*) =0

Proof
Suppose for contradiction that V f(x*) # 0. Define the vector p = —V f(2*) and note that

PV (") ==V [ <0
Because V f is continuous near z*, there is a scalar T' > 0 such that

pTVf(z* +tp) <0, forall t €[0,T] \

For any t € (0,7, we have by Jaylor's theorem that <€—Q\
—
( fx* +tp)¥ f(z*) +tpT Vf(z* +tp), for some t € (
N —— ‘\

O
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Necessary Conditions

i First-Order Necessary Conditions

If £* is a local minimizer and f is continuously differentiable in an open neighborhood, then
Vf(a*) =0

Proof
Suppose for contradiction that V f(x*) # 0. Define the vector p = —V f(2*) and note that

pIVf(a") ==V f(=")]* <0
Because V f is continuous near z*, there is a scalar T' > 0 such that
pTVf(z* +tp) <0, forall t €[0,T]
For any t € (0,7, we have by Taylor's theorem that
f(z* +tp) = f(z*) + tpT Vf(a* + tp), for some t € (0,7)

Therefore, f(z* +tp) < f(z*) for all £ € (0, T]. We have found a direction from z* along which f decreases,
so x* is not a local minimizer, leading to a contradiction.

‘f% fnﬂ Unconstrained optimization @0 O
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Sufficient Conditions
i Second-Order Sufficient Conditions
Suppose that V2 f is continuous in an open neighborhood of z* and that
Vi) =0 V2f(z*) > 0.
Then z* is a strict local minimizer of f. TO

W\ "
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Sufficient Conditions

i Second-Order Sufficient Conditions

Suppose that V2 f is continuous in an open neighborhood of z* and that

Vi) =0 V2f(a*) = 0.

Then z* is a strict local minimizer of f.
Proof

Because the Hessian is continuous and positive definite at z*, we can choose a radius r > 0 such that V2 f(z)

remains positive definite for all  in the open ball B = {z | ||z — 2*| < r}. Taking any nonzero vector p with
|p| < r, we have z* + p € B and so
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Sufficient Conditions

i Second-Order Sufficient Conditions

Suppose that V2 f is continuous in an open neighborhood of z* and that
Vfx*)=0 V2f(z*) = 0.
Then z* is a strict local minimizer of f.

Proof

Because the Hessian is continuous and positive definite at z*, we can choose a radius r > 0 such that V2 f(z)

remains positive definite for all  in the open ball B = {z | ||z — 2*| < r}. Taking any nonzero vector p with
|p| < r, we have z* + p € B and so

f(a* +8) = f(&*) + BTV @) + 50TV (2
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Sufficient Conditions

i Second-Order Sufficient Conditions

Then z* is a strict local minimizer of f.
Proof

Because the Hessian is continuous and positive definite at =*, we can choose a radius r > 0 such that V2 f(x)
remains positive definite for all  in the open ball B = {z | ||z — 2*| < r}. Taking any nonzero vector p with
|p| < r, we have z* + p € B and so 0

AP =0
fla*+p) = flz*) +p"Vf(a*) + 5pTV2f<z>p

= )+ ipTVi;(Z)p > % (Si">

0
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Sufficient Conditions

i Second-Order Sufficient Conditions

Suppose that V2 f is continuous in an open neighborhood of z* and that
Vfx*)=0 V2f(z*) = 0.

Then z* is a strict local minimizer of f.
Proof

Because the Hessian is continuous and positive definite at z*, we can choose a radius r > 0 such that V2 f(z)
remains positive definite for all  in the open ball B = {z | ||z — 2*| < r}. Taking any nonzero vector p with
|p| < r, we have z* + p € B and so

Fa* 4+ p) = f@) +PTVSE) + 5p V2 ()

= @)+ 5pT VS ()

where z = z* +tp for some t € (0, 1). Since z € B, we have pT V2 f(2)p > 0, and therefore f(z*+p) > f(z*),
giving the result.

‘f% fnﬂ Unconstrained optimization @0 O
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Note, that if Vf(z*) = 0, V2f(x*) = 0, i.e. the
hessian is positive semidefinite, we cannot be sure if

z* is a local minimum.

‘f - min Unconstrained optimization
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Peano counterexample

Note, that if Vf(z*) = 0, V2f(x*) = 0, i.e. the
hessian is positive semidefinite, we cannot be sure if
x* is a local minimum.

flx,y) = (22° —y)(2® —y)

— mi . -
‘f §ny1r; Unconstrained optimization
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Peano counterexample

Note, that if Vf(2*) = 0, V2f(z*) = 0, i.e. the
hessian is positive semidefinite, we cannot be sure if

z* is a local minimum.

fle,y) = (222 —y) (2 —y)

Although the surface does not have a local minimizer
at the origin, its intersection with any vertical plane
through the origin (a plane with equation y = mx or
x = 0) is a curve that has a local minimum at the
origin. In other words, if a point starts at the origin
(0,0) of the plane, and moves away from the origin
along any straight line, the value of

(222 — y)(2? — y) will increase at the start of the
motion. Nevertheless, (0,0) is not a local minimizer
of the function, because moving along a parabola
such as y = v/222 will cause the function value to
decrease.
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Peano counterexample

Note, that if Vf(z*) = 0, V2f(2*) = 0, i.e. the Non-convex PL function
hessian is positive semidefinite, we cannot be sure if

z* is a local minimum.

[l y) = (22° —y)(2* —y)

Although the surface does not have a local minimizer
at the origin, its intersection with any vertical plane
through the origin (a plane with equation y = mx or
x = 0) is a curve that has a local minimum at the
origin. In other words, if a point starts at the origin
(0,0) of the plane, and moves away from the origin
along any straight line, the value of

(222 — y)(2? — y) will increase at the start of the
motion. Nevertheless, (0,0) is not a local minimizer
of the function, because moving along a parabola
such as y = v/222 will cause the function value to
decrease.
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General first-order local optimality condition
Direction d € R"™ is a feasible direction

at z* € § C R™ if small steps along d do
not take us outside S.

— mi . -
‘f 51'1;!; Constrained optimization
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General first-order local optimality condition
Direction d € R"™ is a feasible direction

at z* € § C R™ if small steps along d do
not take us outside S.

Consider a set S C R™ and a function
f:R™ = R. Suppose that z* € S is a
point of local minimum for f over S, and
further assume that f is continuously
differentiable around z*.
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General first-order local optimality condition
Direction d € R"™ is a feasible direction

at z* € § C R™ if small steps along d do
not take us outside S.
Consider a set S C R™ and a function
f:R™ = R. Suppose that z* € S is a
point of local minimum for f over S, and
further assume that f is continuously
differentiable around z*.
1. Then for every feasible direction
d € R™ at z* it holds that
Vf(z*)Td > 0.
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Direction d € R"™ is a feasible direction

at z* € § C R™ if small steps along d do
not take us outside S.
Consider a set S C R™ and a function
f:R™ = R. Suppose that z* € S is a
point of local minimum for f over S, and
further assume that f is continuously
differentiable around z*.
1. Then for every feasible direction
d € R™ at z* it holds that
Vf(z*)Td > 0.
2. If, additionally, S is convex then

V@) (x—2*)>0,Vr €S.
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General first-order local optimality condition

f(z) =21+ 23 — min

Direction d € R"™ is a feasible direction
at z* € § C R™ if small steps along d do
not take us outside S.
Consider a set S C R™ and a function
f:R™ = R. Suppose that z* € S is a
point of local minimum for f over S, and
further assume that f is continuously
differentiable around z*.
1. Then for every feasible direction
d € R™ at z* it holds that
Vf(z*)Td > 0.
2. If, additionally, S is convex then

V@) (x—a2*) >0,Vr €S.

S - convex
T2

V()

178

23

—Vf(z”)

— mi . -
‘f fny"; Constrained optimization

(=Vf(z"),d) <
z*- optimal

0

z1,29€R2

S - not convex
T2

~Vf(=z") .

(~Vf(z'),d) <0
z'- not optimal

Figure 4: General first order local optimality condition
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Convex case

It should be mentioned, that in the convex case (i.e., f(x) is convex

‘f — min
Tz

Constrained optimization

x) =3O

necessary condition becomes sufficient.
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Convex case

It should be mentioned, that in the convex case (i.e., f(x) is convex) necessary condition becomes sufficient.

One more important result for the convex unconstrained case sounds as follows. If f(z) : S — R - convex function

defined on the convex set S, then:
—

[N
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Convex case

It should be mentioned, that in the convex case (i.e., f(x) is convex) necessary condition becomes sufficient.
One more important result for the convex unconstrained case sounds as follows. If f(z) : S — R - convex function
defined on the convex set S, then:

® Any local minimum is the global one.

[ e g
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Convex case

It should be mentioned, that in the convex case (i.e., f(x) is convex) necessary condition becomes sufficient.
One more important result for the convex unconstrained case sounds as follows. If f(z) : S — R - convex function
defined on the convex set S, then:

® Any local minimum is the global one.
® The set of the local minimizers S* is convex.
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Convex case

It should be mentioned, that in the convex case (i.e., f(x) is convex) necessary condition becomes sufficient.
One more important result for the convex unconstrained case sounds as follows. If f(z) : S — R - convex function
defined on the convex set S, then:

® Any local minimum is the global one.

® The set of the local minimizers S* is convex.

® |f f(x) - strictly or strongly convex function, then S* contains only one single point S* = {x*}.
f(x) y gly convex y glep {z"}

—

— mi . -
‘f 5“.}‘2 Constrained optimization
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Optimization with equality constraints

Things are pretty simple and intuitive in unconstrained problems. In this section, we will add one equality constraint,
i.e.

‘f - Wy‘rﬁ Constrained optimization D0 0
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Optimization with equality constraints

Things are pretty simple and intuitive in unconstrained problems. In this section, we will add one equality constraint,
i.e.

f(z) = min
st. h(z) =0

lf%ﬁ}‘i Constrained optimization D0 0
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Optimization with equality constraints

Things are pretty simple and intuitive in unconstrained problems. In this section, we will add one equality constraint,
i.e.

f(z) — min

st. h(z) =0

We will try to illustrate an approach to solve this problem through the simple example with f(x) = x; + =, and
h(z) = 2?2 + 23 — 2.

lf%ﬁ}‘i Constrained optimization D0 0
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f(z) =z1 + 22 — min
T2 xl,m2€R2

=-1
=2
=-3
— >
0 x]_

Contour lines of f(z) = 21 + 22 =C

— mi . -
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Optimization with equality constraints

B /— min

Constrained optimization

h(zx)

[\~

T
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Optimization with equality constraints

B /— min

Constrained optimization

Feasible point z g

m2T
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Optimization with equality constraints
cﬂ‘?

géax

— mi . s
‘f ;nyu} Constrained optimization

T

17


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

—
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Optimization with equality constraints

We want: f(zr + dz) < f(zr)

sz

N \

<6337 —Vf> > 0

— mi . -
‘f ?qyu} Constrained optimization
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Optimization with equality constrait

Vh(.’l?p) A

A

Y

S
N
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Optimization with equality constraints

‘f - ;nyl,'; Constrained optimization
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Optimization with equality constraints
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

‘f - Wy‘rﬁ Constrained optimization QDO

23


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(6, Vh(zp)) =0

‘f - Wy‘rﬁ Constrained optimization QDO
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(62, Vh(zp)) =0 gomdcrcwoué,

N
r, Vi) >0 o T. MAMHOCTS

‘f - 51'1;!; Constrained optimization QDO
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(6, Vh(zp)) =0

(0, =V f(xp)) >0

Let's assume, that in the process of such a movement, we have come to the point where

‘f - fny"; Constrained optimization QDO
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(6, Vh(zp)) =0

(0, =V f(xp)) >0

Let's assume, that in the process of such a movement, we have come to the point where

—Vf(x) =vVh(z)

‘f - 51'1;!; Constrained optimization QDO
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(6, Vh(zp)) =0

(0, =V f(xp)) >0

Let's assume, that in the process of such a movement, we have come to the point where

—Vf(x) =vVh(z)

(0x, =V f(x)) = (dx,vVh(x)) =0

‘f - 51'1;!; Constrained optimization QDO
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Optimization with equality constraints

Generally: to move from z along the budget set toward decreasing the function, we need to guarantee two
conditions:

(6, Vh(zp)) =0

(0, =V f(zp)) >0
Let's assume, that in the process of such a movement, we have come to the point where
—Vf(x) =vVh(z)

(0x, =V f(x)) = (dx,vVh(x)) =0

Then we reached the point of the budget set, moving from which it will not be possible to reduce our function. This
is the local minimum in the constrained problem :)
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Optimization with equality constraints

:L‘2T
Vi(@r) Vh(z)
—Vf
S 0 S

L

1
—Vf(z*) = vVh(z¥)

— mi . s
‘f ;nyul Constrained optimization
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Lagrangian

So let's define a Lagrange function (just for our convenience):

‘f — min
Tz

Constrained optimization

L(z,v) = f(z) + vh(z)
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Lagrangian

So let's define a Lagrange function (just for our convenience):

L(z,v) = f(x) + vh(z)

Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described
above, then there exists v*:

‘f% fn.}‘; Constrained optimization P00 O 25
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Lagrangian

So let's define a Lagrange function (just for our convenience):
L(z,v) = f(z) + vh(z)
Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described

above, then there exists v*:

Necessary conditions

We should notice that L(z*,v*) = f(z*).

‘f% fn.}‘; Constrained optimization P00 O 25
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Lagrangian

So let's define a Lagrange function (just for our convenience):

L(z,v) = f(x) + vh(z)

Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described
above, then there exists v*:

giczzs;? Vf‘;niizotnhsat's written above V'(l()g '(' ? v wx%:o
& > Y X

We should notice that L(z*,v*) = f(z*).

‘f% fn.}‘; Constrained optimization P00 O 25
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Lagrangian
So let's define a Lagrange function (just for our convenience):
L(z,v) = f(z) + vh(z)
Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described

above, then there exists v*:

Necessary conditions
V,L(z*,v*) = 0 that's written above

V,L(z*,v*) = 0 budget constraint €——— h (X> =D

We should notice that L(z*,v*) = f(z*).

‘f% fn.}‘; Constrained optimization P00 O 25
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Lagrangian
So let's define a Lagrange function (just for our convenience):
L(z,v) = f(z) + vh(z)

Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described
above, then there exists v*:

Necessary conditions
V,L(z*,v*) = 0 that's written above
V,L(z*,v*) = 0 budget constraint

Sufficient conditions

We should notice that L(z*,v*) = f(z*).

B /— min @00

Constrained optimization
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Lagrangian
So let's define a Lagrange function (just for our convenience):
L(z,v) = f(z) + vh(z)
Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described

above, then there exists v*:

Necessary conditions
V,L(z*,v*) = 0 that's written above
V,L(z*,v*) = 0 budget constraint

{y, V3, L(z",v")y) > 0,

We should notice that L(z*,v*) = f(z*).

‘f% fn.}‘; Constrained optimization P00 O 25
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Lagrangian
So let's define a Lagrange function (just for our convenience):
L(z,v) = f(z) + vh(z)
Then if the problem is regular (we will define it later) and the point z* is the local minimum of the problem described

above, then there exists v*:

Necessary conditions
V,L(z*,v*) = 0 that's written above
V,L(z*,v*) = 0 budget constraint

Sufficj fti
V{:"L Ty,

We should notice that L(z*,v*) =
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Equality constrained problem

f(z) = min
TER™

st. hy(z)=0,i=1,...,p

p

L(z,v) = f(z) + Y _vih;(z) = f(z) + v h(x)

i=1

(ECP)

Let f(z) and h,;(x) be twice differentiable at the point 2* and continuously differentiable in some neighborhood of z*.

The local minimum conditions for x € R™, v € R? are written a

ECP: Necessary conditions
V. L(x*v*) =0

ECP: Sufficient conditions
(y, V2, L(x*,v*)y) > 0,
Vy#0€eR": Vh(z*)Ty=0

— mi . -
‘f 5“.}‘2 Constrained optimization
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Linear Least Squares % A Y= 6

+\ = wm Q .

=0 Ll — i, _
: M=g ™M gp
¢ Famele A(\ uix-4;=0

Pose the opt mization pr oblem an d sol ve them for linear system A. éﬁ\R v for th ree cases (assuming
the matrix is full rank): q Lau

*m<n AQ({)@HW_\\

ey
\,xO)—/\b(Nﬁ\)(AX@ Y
s S {XH\Q o~>[] - 1\0\ QN’Q@

OL b = =5 1)--(Ds

‘f% fn.}‘; Constrained optimization P00 O 27
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Linear Least Squares

i Example

Pose the optimization problem and solve them for linear system Ax = b, A € R™*™ for three cases (assuming
the matrix is full rank):

*m<n

®*m=n

‘f - fny"; Constrained optimization P00 O

27
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Linear Least Squares

i Example

Pose the optimization problem and solve them for linear system Ax = b, A € R™*™ for three cases (assuming
the matrix is full rank):

*m<n
® m=n
*m>n

— mi . -
‘f fny"; Constrained optimization
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‘f — min
Tz

Optimization with inequality constraints

Optimization with inequality constraints

28
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Example of inequality constraints

‘f — min
Tz

Optimization with inequality constraints

fla)=2t+2} g(x)=a?+a3—1

f(z) = min

s.t. g(x) <0

29


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Optimization with inequality constraints

‘f — min
Tz

Optimization with inequality constraints

z* = argmin f(z)

T2

Contour lines of f(z) = 22 + z3 = C

30
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Optimization with inequality constraints

V(Z 05> =0
" S0

| g (1) 40

Z

Feasible region g(z) = 22 + 22 -1 <0

‘f - ;nyu; Optimization with inequality constraints P00 O
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2

TF

‘f ;nyul Optimization with inequality constraints

32
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Optimization with inequality constraints

‘f — min
Tz

Easy in this case! Just check unconstrained

x
optimality conditions 2

TF

Optimization with inequality constraints

T

33
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Optimization with inequality constraints

Thus, if the constraints of the type of inequalities are inactive in the constrained problem, then don't worry and write
out the solution to the unconstrained problem. However, this is not the whole story. Consider the second childish
example

fl@)=(z; =1 + (2, +1)* gla) =ai+23 -1

f(w) — min

s.t. g(x) <0

‘f - fn‘}'; Optimization with inequality constraints P00 O
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Optimization with inequality constraints

@) = (@1~ 1)+ (@2 + 1) = C
T2

Contour lines of f(z)

/

xy = argmin f(x)

‘f §ny1r; Optimization with inequality constraints
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Optimization with inequality constraints

Feasible region g(z) = 22 + 22 — 1 < 0

) (puneyC
g0 =0 - b
- g®eo

.$f

‘f - ?qyu} Optimization with inequality constraints P00 O 36
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2

TF

‘f ;nyul Optimization with inequality constraints
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Optimization with inequality constraints

‘f — min
Tz

Not very easy in this case! Even gradient # 0

. T2
at local optimum ©

Optimization with inequality constraints

38
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Optimization with inequality constraints

Effectively have a problem with equality

constraints! Z2

g(z*) =0

‘f ;nyul Optimization with inequality constraints
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Optimization with inequality constraints

I \

Vh(.’l?p) A
_Vf

< 0 > >
:12*
Zf
_Vf

Y

—Vf(z*) = AVh(z*)

‘f - ;nyu; Optimization with inequality constraints
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Optimization with inequality constraints

‘f — min
Tz

Not a constrained local minimum as — V f(z)
points in towards the

| feasible region

Zf

Y

V(=AY h(z")
A>0
Optimization with inequality constraints

41
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Optimization with inequality constraints

So, we have a problem:
HAMBHO

/ st g(z) <0
ASES!:

x) < 0is inactive.)g(z*) < 0

‘f fn.}‘; Optimization with inequality constraints

42
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Optimization with inequality constraints

So, we have a problem:
f(z) = min
TER™

st g(z) <0

Two possible cases:
g(x) < 0is inactive. g(z*) <0
° g(x) <0
* Vi) =0
——

‘f Wy‘rﬁ Optimization with inequality constraints

42
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Optimization with inequality constraints

So, we have a problem:

f(z) = min
TeR™

st g(z) <0

Two possible cases:
g(x) < 0is ipactive. g(z*) <0

‘f Wy‘rﬁ Optimization with inequality constraints

42
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Optimization with inequality constraints

So, we have a problem:
f(z) = min
TER™

st g(z) <0

Two possible cases:

g(x) < 0is inactive. g(z*) <0
° g(x) <0
* Vf(z*)=0
* V2f(z*) >0

‘f Wy‘l} Optimization with inequality constraints
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(x) < 0is inactive. g(z*) <0
° g(x) <0
* Vf(z*)=0
* V2f(z*) >0

‘f fn‘}'; Optimization with inequality constraints

f(z) = min
TeR™

s.t. g kfr(AGE}{(7

I g(z) <0is active] g(z*) =0

*9lz")=0

42
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(x) < 0is inactive. g(z*) <0
° g(x) <0
* Vf(z*)=0
* V2f(z*) >0

‘f Wy‘rﬁ Optimization with inequality constraints

f(z) = min
TeR™

st g(z) <0

g(x) <0 s active. g(z*) =0
® g(z*)=0
® Necessary conditions: —V f(z*) = AVg(z*), A >0

42
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(x) < 0is inactive. g(z*) <0
° g(x) <0
* Vf(z*)=0
* V2f(z*) >0

‘f fn‘}'; Optimization with inequality constraints

f(z) = min
TeR™

st g(z) <0

g(z) < 0is active. g(z*) =0
® g(a")=0
® Necessary conditions: —V f(z*) = AVg(z*), A >0
¢ Sufficient conditions:

IS LTI IA TS For o
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Lagrange function for inequality constraints

Combining two possible cases, we can
write down the general conditions for the
problem:

f(a) — min

stt. g(z) <0
Let's define the Lagrange function:
Lz, A) = f(x) + Ag(x)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f fn‘}'; Optimization with inequality constraints

43
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Lagrange function for inequality constraints

Combining two possible cases, we can If 2* is a local minimum of the problem described above, then there exists a
write down the general conditions for the unique Lagrange multiplier A* such that:
problem:

)V L(x*, ) =

f(x) — min
st g(x) < 0me Avﬁ @

Let's define the Lagrange function:

L(z,\) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f - fn.}‘; Optimization with inequality constraints P00 O 43


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Lagrange function for inequality constraints

Combining two possible cases, we can If 2* is a local minimum of the problem described above, then there exists a
write down the general conditions for the unique Lagrange multiplier A* such that:
problem:
(1) V L(z",A") =0
f@) = mip (2) 3 >0
————>
st. g(z) <0

Let's define the Lagrange function:

L(z,\) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can If 2* is a local minimum of the problem described above, then there exists a
write down the general conditions for the unique Lagrange multiplier A* such that:
problem:
(1) V,L(z*,\*) =0
fle) =~ i (2) X >0
stt. g(z) <0 (3) Ag(z") =0

Let's define the Lagrange function:
Lz, A) = f(x) + Ag(x)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can If 2* is a local minimum of the problem described above, then there exists a
write down the general conditions for the unique Lagrange multiplier A* such that:
problem:
(1) V L(z*,\*) =0
f@) ~ i @) x>0
s.t. g(x) <0 (3) Ag(z") =0
4 <0
Let's define the Lagrange function: (4) 9(a") <

Liz.)) = f(x) + Ag(x) / T

The classical Karush-Kuhn-Tucker first % ~ AKTU ero 8 — Hest ld(k&'o

and second-order optimality conditions t\
for a local minimizer z*, stated under 8 ()2) == % (‘K <'O

some regularity conditions, can be

s
written as follows. >\+> O )o -
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General formulation 50(%& 1 el - y\PO’LPMMuPoé‘

W =TLRG
fo(w) — min J  Narpetna
st. fi(z) <0,i=1,...,

hi(z)=0,i=1,...,p J

This formulation is a general problem of rhathematical-programming. Ab ) U KO
V4
The solution involves constructing a Lagrange function:
Lz, A\, v) = fo(z) + Z Aifi(@) + Z vihi(z)
i=1 i=1
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Necessary conditions

Let z*, (\*,*) be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions f, f;, h; be
differentiable.

oV, L(z",\,v*) =0

‘f - fn.}‘; Optimization with inequality constraints P00 O

45


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Necessary conditions

Let z*, (\*,*) be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions f, f;, h; be
differentiable.

® V. L(x*, N\, v)=0

® V, L(z* \*,v*) =0
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Necessary conditions

Let z*, (\*,*) be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions f, f;, h; be
differentiable.

oV, L(z",\,v*) =0
° V, L(z*,\,v*) =0
e XN >0i=1,..,m
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Necessary conditions

Let z*, (\*,*) be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions f, f;, h; be
differentiable.

oV, L(z",\,v*) =0
© V,L(z* N, v*) =0
e X >0,i=1,..,m
o XNif(z")=0,i=1,....m
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Necessary conditions

o1 3W oach aghk
7 oo

Let z*, (\*,*) be a solution to a mathematical programming problem dWith Zero duality gap)(the optimal value for
the pr|maI problem p* is equal to the optimal value for the dual problem d*). Let also the functions f, f;, h; be
differentiable.

YV, L(z*, A, ") =0
YV, L(z*, N, v*) =0
N>0i=1,....m

o Xf(a)=0,i=1,....m

o fi(z*) <0,i=1,....,m

‘f - fu.}‘; Optimization with inequality constraints P00 O
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater's). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*, v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, f,, f; are convex and h; are affine),
there exists a point x such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

‘f - fn.}‘; Optimization with inequality constraints P00 O
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater's). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*, v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, f,, f; are convex and h; are affine),
there exists a point x such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h, are affine functions, then no other condition is needed.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater's). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*, v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, f,, f; are convex and h; are affine),
there exists a point x such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h, are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at z*.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater's). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*, v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, f,, f; are convex and h; are affine),
there exists a point x such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h, are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at z*.

® For other examples, see wiki.
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Example. Projection onto a hyperplane

‘f — min
Tz

Optimization with inequality constraints

1
min§||x—Y||2, st. a

T

x =b.
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Example. Projection onto a hyperplane
. 1 2
min §||x—y|| , st a

Solution

Lagrangian:

‘f ?qyu} Optimization with inequality constraints

T

x=0b.
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Example. Projection onto a hyperplane

Solution

Lagrangian:

‘f — min
Tz

Optimization with inequality constraints

1
min§||x—Y||2, st. a

Tx =b.

L

X,V

1
) = 3l — P +v(@Tx—b)

47


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Example. Projection onto a hyperplane
1
min§|\x—Y||2, st. alx=h.

Solution

Lagrangian:

1
L(x,v) = §HX—Y|\2

Derivative of L with respect to x: / / T)( g ‘L! O ej &
0L

= Jrua—()7 X=y—ra
ox ‘}

D_L’—: = TX:g
oy © => ¢

‘f fn.}‘; Optimization with inequality constraints
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Example. Projection onto a hyperplane

T

1
min§|\x—Y||2, st. a'x=0b.

Solution

Lagrangian:

1
L(x,v) = Sl|x—y[* + v(a"x —b)

Derivative of L with respect|to x:

‘f fn.}‘; Optimization with inequality constraints

oL ,
&=x7y+ua=0, X=y—va
ﬁ lalf
£ b
aTx:aTy—VaTa VvV = W/
— ?
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Example. Projection onto a hyperplane

1
min §||x —y|? st aTx=b.
Solution

Lagrangian:

1
L(x,v) = 5l —y]? + vlalx 1)
Derivative of L with respect to x:

oL
— =x—y+vra=0, X=y—vra
ox

Ty —p
aTx:aTy—VaTa 1/:73 y2
|
aly — ba
X=y— 5
la*
B S~ min

Optimization with inequality constraints
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Example. Projection onto simplex x

)< ~ 1
:‘/g(%l/ ’2"[") MW q;,(,u/ﬂ ?D] /0/1\)
Q_ LU - o b, 2
AV S
MA / s
W avWﬂ. 7
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Example. Projection onto simplex

1
min§||z—y|\27 st. z'l=1, x>0.

KKT Conditions
The Lagrangian is given by:
1

L= le—yl? =Y Na+v@'1-1)
i
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Example. Projection onto simplex

1
min§||ac—y|\27 st. z'l=1, x>0.

KKT Conditions
The Lagrangian is given by:

1

L=z~ |2 — Zm +v(z'1-1)

Taking the derivative of L with respect to z; and writing KKT yields:

o ng_ =z, —y;—\+v=0

i
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Example. Projection onto simplex

1
min§||z—y|\27 st. z'l=1, x>0.

KKT Conditions
The Lagrangian is given by:
1
L= glo—yl? =Y A +v(eT1-1)
i

Taking the derivative of L with respect to z; and writing KKT yields:

° gxﬁ.: i~y —AN+r=0
° )\i z.:(]

e )\ >0

° lezl, x>0

1 Question

Solve the above conditions in O(nlogn) time.
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