Matrix Calculus. Line Search

Daniil Merkulov



Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

‘f — min
Tz

Matrix calculus

Matrix calculus


Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Gradient

Let f(z) : R™ — R, then vector, which contains all first-order partial
derivatives:
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Gradient

Let f(z) : R™ — R, then vector, which contains all first-order partial
derivatives:

V(x)

_df _
-2 =

of
ox

named gradient of f(z). This vector indicates the direction of the
steepest ascent. Thus, vector —V f(z) means the direction of the

steepest descent of the function in the point. Moreo

r, the gradient

vector is alway\ orthogonal to the contour line in th¢ point.
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Matrix calculus

i Example

For the function f(z,y) = 22 + y?, the
gradient is:

Vi,y) = Bﬂ

This gradient points in the direction of
the steepest ascent of the function.

i Question

How does the magnitude of the gradient
relate to the steepness of the function?
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Hessian ¥: Q’,—ﬁ\ Q‘M

Let f(z) : R™ — R, then matrix containing all the second-order
partial derivatives:

/

9% f
Bxlzazl

2 0% f
9 f = Ozo0z,

/(@)= Vi) = 500, =
[t :

62
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Hessian

Let f(z) : R™ — R, then matrix containing all the second-order

partial derivatives:

> f 2 f 2 f
Jx, 0, Oz, 0y dx, 0z,
62f 0% f 9% f 0% f
f// (l‘) — VQf(JL‘) P A — Oz,0x, 050, Oxy0x,,
0x,;0z; : : :
> f 2 f 2 f
Oz, 0z, oz, 0z, oz, Ox,,

Hessian could be a tensor in such a way: (f(z) : R™ — R™) is just 3d

tensor, every slice is just hessian of corresponding scalar function

(V2 f1 (@), o, V2 [ ().
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‘f 2,4,z Matrix calculus

i Example

For the function f(z,y) = 2% + 92, the
Hessian is:

Hy(z,y) = B g}

This matrix provides information about the
curvature of the function in different directions.

1 Question

How can the Hessian matrix be used to
determine the concavity or convexity of a
function?
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Schwartz theorem
Let f: R™ — R be a function. If the mixed partial
. 2 2 .
derivatives %{{;J and 818]027., are both continuous on an
open set containing a point a, then they are equal at the

point a. That is,
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Schwartz theorem
Let f: R™ — R be a function. If the mixed partial

. 2 2 .
derivatives % and af,afm. are both continuous on an
0z JE

open set containing a point a, then they are equal at the
point a. That is,

2f

0% f
Ox,;0z; (a) =

Oz ;0x; (@)

Given the Schwartz theorem, if the mixed partials are
continuous on an open set, the Hessian matrix is
symmetric. This means that the entries above the main
diagonal mirror those below the main diagonal.:

*f  9*f
Ox,;0z; B Oz ;0x;

V2f(x) = (V2 f ()"

This symmetry simplifies computations and analysis

involving the Hessian matrix in various applications,
particularly in optimization.

— min .
‘f 2,9,z Matrix calculus

o
1 Schwartz counterexample

. 9
One can verify, that 6wfy(0 0) + auat 7(0,0), al-
though the mixed partial derivatives do exist, and at
every other point the symmetry does hold.
@00
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Jacobian nxym

The extension of the gradient of multidimensional
f(z) : R™ — R™ is the following matrix:

i Example
———
of of Ofm
671 87? S T For the fund
df oh oL - O
Jp= )= = o om o on
ofi  Ofs Ofm
ox,, ox,, 7 Oz,

the Jacobia

This matrix provides information about the rate o
of the function with respect to its inputs.

i Question

_ i Question
Can we connect those three definitions above (gra-
dient, jacobian, and hessian) using a single correct

How does the Jacobian matrix relate to the gradient
statement?

for scalar-valued functions?

— min .
‘f 2,9,z Matrix calculus


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Summary (2;\ A x
X € mAY)
fo)x oy, Y@ g ?XV(%@
oz
X Y G Name
R R R /() (derivative)
@ R™ oz, (gradient)
R"™ R™ R™>™ gf (jacobian)
J
R R RMxn 8f
~— +Hf ”.f) o ‘\ / axij
b e O a fr
- oKX CK
B /= min \aiix caleulus ® o
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is
centered around some point z;. If f: R™ — R is a differentiable function, then its
first-order Taylor approximation is given by:

zIO () = flxo) + Vf(zo)" (z —x0)

Where:
® f(x,) is the value of the function at the point .
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is
centered around some point z;. If f: R™ — R is a differentiable function, then its
first-order Taylor approximation is given by:

zIO () = flxo) + Vf(zo)" (z —x0)
Where:
® f(x,) is the value of the function at the point .
® Vf(zg) is the gradient of the function at the point .
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is
centered around some point z;. If f: R™ — R is a differentiable function, then its
first-order Taylor approximation is given by:

zIO () = flxo) + Vf(zo)" (z —x0)
Where:
® f(x,) is the value of the function at the point .
® Vf(zg) is the gradient of the function at the point .
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is
centered around some point z;. If f: R™ — R is a differentiable function, then its
first-order Taylor approximation is given by:

zIO () = f(xo) + Vf(20)" (@ — 20)

Where:
® f(x,) is the value of the function at the point .
® Vf(zg) is the gradient of the function at the point .
It is very usual to replace the f(z) with fﬁﬂ(az) near the point x for simple

analysis of some approaches. Figure 1: First order Taylor
approximation near the point

(@)

lf%595‘2 Matrix calculus 0 0
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Second-order Taylor approximation

The second-order Taylor approximation, also known as the quadratic
approximation, includes the curvature of the function. For a twice-differentiable

function f: R™ — R, its second-order Taylor approximation centered at some
point xg is:

ii(x) = f(o) + V(o) (& — z) + %(95 — 20) TV f(zo)(@ — 20)

Where V2 f(x,) is the Hessian matrix of f at the point z.
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Second-order Taylor approximation

The second-order Taylor approximation, also known as the quadratic
approximation, includes the curvature of the function. For a twice-differentiable
function f: R™ — R, its second-order Taylor approximation centered at some
point xg is:

ﬁ(l’) = f(zo) + Vf(mO)T(x — ) + %(z - xo)Tvzf(ﬂUo)(l’ — )

Lo T

Where V2 f(x,) is the Hessian matrix of f at the point z.
When using the linear approximation of the function is not sufficient one can )

. . . II . Figure 2: Second order Taylor
con5|d(?r re[_)lacmg the f(z) with f; (z) near t.he point . In generall, Taylor approximation near the point
approximations give us a way to locally approximate functions. The first-order
approximation is a plane tangent to the function at the point x, while the
second-order approximation includes the curvature and is represented by a
parabola. These approximations are especially useful in optimization and numerical
methods because they provide a tractable way to work with complex functions.
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Differentials CT h ?ﬁ.ﬂaﬂﬂ
7HK
=

i Theorem

Let © € S be an interior point of the set S, and let D : U — V/ be a linear operator. We say that the function
f is differentiable at the point = with derivative D if for all sufficiently small A € U the following decomposition
holds: —

sto+ ) = 160) +{pinL} olln)

If for any linear operator D : U — V the function [ is not differentiable at the point x with derivative D, then
we say that f is not differentiable at the point z.
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Differentials o( F: \{7/ & M/ €6\) I — MCALGLA.

After obtaining the differential notation of df we can retrieve the gradient using the following formula:

Edf(m) = (Vf(z),dz) 9
&

e

‘f - ?qyu} Matrix calculus P00 O 11
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Differentials

After obtaining the differential notation of df we can retrieve the gradient using the following formula:

df(z) = (V[(z),dx)

Then, if we have a differential of the above form and we need to calculate the second derivative of the matrix/vector
function, we treat “old” dx as the constant dz;, then calculate d(df) = d?f(z)

d*f(z) = (V2 f(z)dz,,dz) = (H(z)dz,,dz)

‘f - §ny1r; Matrix calculus @0 O
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0
® d(aX) = a(dX)

— min .
‘f 2,9,z Matrix calculus

12


Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0
® d(aX) = a(dX)
* d(AXB)=A(dX)B

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0

d(aX) = a(dX)

d(AXB) = A(dX)B

dAX+Y)=dX +dY

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

°* JA=0

d(aX) = a(dX)

d(AXB) = A(dX)B
d(X +Y) = dX +dY
d(XT) = (dXx)"

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0
d(aX) = a(dX)
d(AXB) = A(dX)B
(X +Y) = dX +ay
(XT) = (dX)"
(XY) = (dX)Y + X(dY)

d
d
d

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0

d(aX) = a(dX)

d(AXB) = A(dX)B
(X +Y) = dX +ay
(XT) = (dX)"
(XY) = (dX)Y + X(dY)
(X,Y) = (dX,Y) + (X, dY)

d
d
d
d

— min .
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Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
° dA=0 o« (X _ 94X —(d9)X
d(aX) = a(dX) (5) = #2
d(AXB) = A(dX)B
(X +Y) = dX +ay
(XT) = (dX)"
(XY) = (dX)Y + X(dY)
(X,Y) = (dX,Y) + (X, dY)

d
d
d
d

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

®* dA=0

d
d
d
d

‘f — min
Tz

(
(
(X
(X
(X

d(aX) = a(dX)
d(AXB) = A(dX)B

X4Y) =dX +ay

) =@dx)"
Y)=(dX)Y + X
Y) =(dX,Y) +

Matrix calculus

(dY)
(X,dY)

o (%) - 21X =X

A2

* d(det X)

= det X(X~T,dX)

12
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

e dA=0 o g (X)) _ 94X — (d9)X

® d(aX) = a(dX) (¢) - 32

* d(AXB) = A(dX)B e d(det X) = det X(X 7, dX)
. ZEX +) Y)(— d)ﬁg +dY o d(tr X) = (I,dX)

° d(XY) = (dX)Y + X(dY)

° d(X,Y) = (dX,Y) + (X,dY)

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

* dA=0 o g (X)) _ 04X — (do)X

® d(aX) = a(dX) (5) - @2

® d(AXB) = A(dX)B ® d(detX) =det X(X T, dX)
. ZEX+)Y)(— d))§+dY e d(tr X)=(I,dX)

* d(XY) = (dX)Y + X(dY) * df(g(z)) = 99 ~dg(x)

* d(X,Y) ={dX,Y)+ (X,dY)

— min .
‘f 2,9,z Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
* dA=0

d
d
d
d

‘f — min
Tz

(
(
(X
(X
(X

d(aX) = a(dX)
d(AXB) = A(dX)B

X4Y) =dX +ay

T)=(dx)"
):(dX)Y+X
Y) = (dX,Y) +

Matrix calculus

(dY)
(X,dY)

X\ ¢dX — (dg)X
d (5) R

d (det X) = det X (X~ T, dX)
d(tr X) = (I,dX)

df(g(x)) = % - dg()
H=(J(Vf)"

12
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

° dA=0 p (g) _ ¢dX — (d¢)X

® d(aX) = a(dX) p) 32
* d(AXB) = A(dX)B e d(det X) = det X(X 7, dX)
Od(X+Y)—dX+dY o d(tr X)=(I,dX)
* d(XT) = (dX)" R df
o d(X ): (dX)Y + X(dY) df(g(x)) = —~ - dg(x)
°* d(X,Y)=(dX,Y)+ (X,dY) ° (J( ))
° ( N =-Xx"1dx)x!

— min .
‘f 2,9,z Matrix calculus
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Matrix calculus. Example 1 J,F — Ob(>
o e )

i Example

Find df, Vf(z), if f(z) = (z, Az) — bTa +c. V’P

Poauug !

v df= A(LX > - i@Q :;:Cicj— v«C*{AHAT>X-Q

= d (L) —
= oy > 1 4% A — ¢ b B>+ 0=

= Py o+ L RO - b =

«L/\mlw HATX s - L = <(A+ﬁ>><% Ax)
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Matrix calculus. Example 1 dt‘? = LVZ'(: ) JXA)AX>
i Example

St ) e 7% dy dxe>
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Matrix calculus. Example 2

i Example

Find df,Vf(x), if f(x) =In(z, Ax).

— min N
‘f 2,9,z Matrix calculus
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Matrix calculus. Example 2
i Example
Find df,Vf(x), if f(x) =In(z, Ax).

1. It is essential for A to be positive definite, because it is the argument of a logarithm. So, A € S7 | Let’s find the
differential first:

d ({z, Ax)) _ (dz, Az) + (x,d(Ax))
(z, Ax) (x, Azx)

_ (Az, dm) (z, Adz) (A:r dx) + (ATz,dz)y  ((A+ AT)z,dzx)

(x, Az) (x, Az)

2 g/ (M X
IR

lf%595‘2 Matrix calculus @0 O

df =d(In(z, Az)) =
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Matrix calculus. Example 2
i Example
Find df,Vf(x), if f(x) =In(z, Ax).

1. It is essential for A to be positive definite, because it is the argument of a logarithm. So, A € S7 | Let’s find the
differential first:
d((z,Az))  (dz,Az) + (z,d(Ax))

df =d(In{z, Az)) = (x, Az) = (x Aa?;

(Az,dx) + (x, Adz)  (Az,dz) + (ATz,dz) ((A+ A7)z, dz)

(x, Ax) (x, Az) B (x, Az)

2. Note, that our main goal is to derive the form df = (-, dx)

2Ax
= <Wd>

2Ax
(x, Az)

Hence, the gradient if V f(z) =

‘f%m‘; Matrix calculus @0 O
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Matrix calculus. Example 3 AZ{:X % O

i Example
>
}F nd df, Vf(X), if|f(X) = (S, X) —logdet X. dé_éx O

I d(<s X\ - wfex)‘
<S le J”bx<>< ODO

ozng Jek X

S-XL0 _lop gy

min
2.z Matrix calculus
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Matrix calculus. Example 3

i Example

Find df, V£(X), if f(X) = (S, X) —logdet X.

25X

— min N
‘f 2,9,z Matrix calculus

489

:’E(O{ S>
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‘f — min
Tz

Line search

Line search
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Problem

Suppose, we have a problem of minimization of a function f(z) : R — R of scalar variable:

‘f — min
Tz

Line search

f(@) — min

17
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Problem
Suppose, we have a problem of minimization of a function f(z) : R — R of scalar variable:

f(@) — min

Sometimes, we refer to a similar problem of finding the minimum on the line segment [a, b]:

f(z) — i

— min .
‘f 2,9,z Line search
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Problem
Suppose, we have a problem of minimization of a function f(z) : R — R of scalar variable:

f(@) — min

Sometimes, we refer to a similar problem of finding the minimum on the line segment [a, b]:

r) — mi
7=

i Example

A typical example of a line search problem is selecting the appropriate stepsize for the gradient descent algorithm:

Zpyq = 2 — aV f(xy,)

a = argmin f(z; )

lf%ﬁ}‘i Line search 00

17
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Problem
Suppose, we have a problem of minimization of a function f(z) : R — R of scalar variable:

f(@) — min

Sometimes, we refer to a similar problem of finding the minimum on the line segment [a, b]:

r) — mi
7=

1 Example
A typical example of a line search problem is selecting the appropriate stepsize for the gradient descent algorithm:
Tpyq = X —aV f(xy,)
a = argmin f(x;, )
Line search is a fundamental optimization problem that is crucial to solving complex tasks. To simplify the problem,

let's assume that the function, f(z), is unimodal, meaning it has a single peak or valley.
lf%595‘2 Line search 00
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Unimodal function
i Definition

Function f(x) is called unimodal on [a, b], if there is z, € [a,b], that f(z1) > f(x5)
and f(z;) < f(zy) Vz, <z <29<D

— min .
‘f 2,9,z Line search

Va <2y < a9 < 2,

18
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Unimodal function

i Definition

Function f(x) is called unimodal on [a,b], if there is z, € [a,b], that f(x;) > f(zy) Va <z <2y <uw,
and f(z;) < f(zy) Vz, <z <29<b

Figure 3: Examples of unimodal functions

lf%ﬁ}‘i Line search 00
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = =, € [a, 2]

— min .
‘f 2,9,z Line search
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Key property of unimodal functions
Let f(z) be an unimodal function on [a,b]. Then if z; < z, € [a,b], then:

o if flz) < flag) = x, € [a,2y)
o if flzy) > flay) = x, € [21,0]

—\ i

— min :
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = x, € [a, 5]
o if f(wy) > flzy) — x, € [21,0]
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = x, € [a, 5]
o if f(wy) > flzy) — x, € [21,0]

Proof Let's prove the first statement. On the contrary, suppose that f(x;) < f(z,), but 2* > x,. Then, necessarily,
2y < Ty < z*, and by the unimodality of the function f(z) the inequality: f(x;) > f(x5) must be satisfied. We
have obtained a contradiction.
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = x, € [a, 5]
o if f(wy) > flzy) — x, € [21,0]

Proof Let's prove the first statement. On the contrary, suppose that f(x;) < f(z,), but 2* > x,. Then, necessarily,

2y < Ty < z*, and by the unimodality of the function f(z) the inequality: f(x;) > f(x5) must be satisfied. We
have obtained a contradiction.

f(=)

0 a z* b T
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = x, € [a, 5]
o if f(wy) > flzy) — x, € [21,0]

Proof Let's prove the first statement. On the contrary, suppose that f(x;) < f(z,), but 2* > x,. Then, necessarily,

2y < Ty < z*, and by the unimodality of the function f(z) the inequality: f(x;) > f(x5) must be satisfied. We
have obtained a contradiction.

f(=) f(=)

0" a z* b T 0 a T, =¥ 2o b T
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Key property of unimodal functions
Let f(x) be an unimodal function on [a,b]. Then if z; < x4 € [a, b], then:

o if f(zy) < flzg) = x, € [a, 5]
o if f(wy) > flzy) — x, € [21,0]

Proof Let's prove the first statement. On the contrary, suppose that f(x;) < f(z,), but 2* > x,. Then, necessarily,

2y < Ty < z*, and by the unimodality of the function f(z) the inequality: f(x;) > f(x5) must be satisfied. We
have obtained a contradiction.

f(@) f(=) f(=)

0" a z* b T 0 a T, =¥ 2o b T 0 a i z* To b T
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Dichotomy method

We aim to solve the following problem:

f(z) = min /(@)
z€la,b]
We divide a segment into two equal parts and choose the
one that contains the solution of the problem using the
values of functions, based on the key property described
above. Our goal after one iteration of the method is to
halve the solution region.

Figure 4: Dichotomy method for unimodal function
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Dichotomy method

We measure the function value at the middle of the line
segment f(x)

Figure 5: Dichotomy method for unimodal function
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Dichotomy method
To apply the key property we perform another
measurement. ()

Figure 6: Dichotomy method for unimodal function
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Dichotomy method
We select the target line segment. In this case, we are
lucky since we already halved the solution region. But that ()
is not always the case.

Figure 7: Dichotomy method for unimodal function
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Dichotomy method

Let's consider another unimodal function.

0 a 5 b T

Figure 8: Dichotomy method for unimodal function
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Dichotomy method

Measure the middle of the line segment.

Figure 9: Dichotomy method for unimodal function
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Dichotomy method

Get another measurement.

Figure 10: Dichotomy method for unimodal function
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Dichotomy method

Select the target line segment. You can see, that the

obtained line segment is not half of the initial one. It is ()
3(b—a). So to fix it we need another step of the
algorithm.
0 a y c b x

Figure 11: Dichotomy method for unimodal function
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Dichotomy method

After another additional measurement, we will surely get

3ib—a)=30b—a) (@)

Figure 12: Dichotomy method for unimodal function
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Dichotomy method
To sum it up, each subsequent iteration will require at
most two function value measurements. f(:c)

Figure 13: Dichotomy method for unimodal function
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Dichotomy method. Algorithm

def binary_search(f, a, b, epsilon):

c=(a+hb) /2
while abs(b - a) > epsilon:
y=C(a+c)/ 2.0
if £(y) <= f(c):

b=c
c =y
else:

z=(b+c)/ 2.0
if f(c) <= f(=2):

a=y
b=z
else:
a=c¢c
c =
return c

— min .
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

1
Ay = by —ap = 27([) —a)
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration: l { A l\/
1 Kee —
Appg =bppy —apyy = 27(17 —a) = CQ&&?CU’@

For unimodal functions, this holds if we select the middle of a segment as an output of the iteration x_;:

Ak+1 <

x Q,%(b—a) < (051 (b—a) j_
2/

N
/Q\K |
- 0O J
Mog 8%(@(0 \@ﬁ%
O «\WC&W q:%_ na P,
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

1
Apir = by —agq = ?(b —a)

For unimodal functions, this holds if we select the middle of a segment as an output of the iteration x_;:

A 1
oy — 2] £ =07 < grp(b—a) <05 (b—a)

Note, that at each iteration we ask oracle no more, than 2 times, so the number of function evaluations is N = 2 - k,
which implies: T——

Cf ~F0F | e mls0E 0o 07072 ° : 4
g = — .
e (DA A=

— min .
‘f 2,4,z Line search
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

1
Appr = by — gy = ﬁ(b —a)

For unimodal functions, this holds if we select the middle of a segment as an output of the iteration x_;:

Bpag 1

e — 2l < = < opg

(b—a) < (0.5 (b—a)

Note, that at each iteration we ask oracle no more, than 2 times, so the number of function evaluations is N = 2 - k,
which implies:

b—a
2

By marking the right side of the last inequality for &, we get the number of method iterations needed to achieve &
accuracy:

21 — 2] < (05)2 1 (b—a) < (0.707)N

K= [longgafl—‘
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Golden-section search

The idea is quite similar to the dichotomy method. There are two golden points on the line segment (left and right)
and the insightful idea is, that on the next iteration, one of the points will remain the golden point.

Iteration k s —&

Iteration k + 1 —o—x—. .—x—o—

Thk+1 lk+1

Figure 14: Key idea, that allows us to decrease function evaluations
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Golden-section search. Algorithm

def golden_search(f, a, b, epsilon):
tau = (sqrt(5) + 1) / 2
y=a+ (b - a) / taux*2
z=a+ (b - a) / tau
while b - a > epsilon:
if f(y) <= f(2):

b=z

z =7

y=a+ (b - a) / tauxx2
else:

a=y

y =z

z=a+ (b - a) / tau
return (a + b) / 2

— min :
‘f Tz Line search
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Golden-section search. Bounds K
05

&

1 N-1
|Tps1 — Tol Sy —appq = (;) (b—a) ~ 0.618"(b - a), (O #O@
where

® The geometric progression constant is larger for the golden-section method compared to the dichotomy mett:wd:

0.618 is worse than 0.5. rbC/ < A (A)@"(‘O N W( ‘/‘0

T= —‘/52“.
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Golden-section search. Bounds

1 N—-1
s~ b — o = (1) (- a) 061850 ),

where 7 = @

® The geometric progression constant is larger for the golden-section method compared to the dichotomy method:
0.618 is worse than 0.5.

® The number of function calls is fewer for the golden-section method compared to the dichotomy method: 0.707
is worse than 0.618. For each iteration of the dichotomy method (except the first one), the function is evaluated
no more than twice, whereas for the golden-section method, it is evaluated no more than once per iteration.
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Successive parabolic interpolation

Sampling 3 points of a function determines a unique parabola. Using this information we will go directly to its
minimum. Suppose, we have 3 points z; < x, < 3 such that line segment [z, 23] contains minimum of a function
f(z). Then, we need to solve the following system of equations:
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Successive parabolic interpolation

Sampling 3 points of a function determines a unique parabola. Using this information we will go directly to its
minimum. Suppose, we have 3 points z; < x, < 3 such that line segment [z, 23] contains minimum of a function
f(z). Then, we need to solve the following system of equations:

ar? + bz, +c=f; = f(z;),i=1,2,3

Note, that this system is linear since we need to solve it on a, b, c. The minimum of this parabola will be calculated as:
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Successive parabolic interpolation

Sampling 3 points of a function determines a unique parabola. Using this information we will go directly to its
minimum. Suppose, we have 3 points z; < x, < 3 such that line segment [z, 23] contains minimum of a function
f(z). Then, we need to solve the following system of equations:

ar? + bz, +c=f; = f(z;),i=1,2,3

Note, that this system is linear since we need to solve it on a, b, c. The minimum of this parabola will be calculated as:

u—fizm (tg —21)*(f2 — f3) = (w3 —23)*(fo — f1)
2a ? 2[(zg —21)(fo = f3) = (w2 — 23)(fo — f1)]

Note, that if fy < f1, fo < f3, then w will lie in [z, 23]
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Successive parabolic interpolation. Algorithm !

def parabola,search(f, sl 52, 58, epsilon):
f1, £2, £3 = f(x1), £(x2), £(x3)
while x3 - x1 > epsilon:
u = x2 - ((x2 - x1)**2%(£2 - £3) - (x2 - x3)+*2x(£2 - £1))/(2%((x2 - x1)*(£2 - £3) - (x2 - x3)*(f2 - £1)))
fu = f(u)

if x2 <= u:
if f2 <= fu:
x1, x2, x3 = x1, x2, u
f1, 2, £3 = f1, £2, fu
else:
x1, x2, x3 = x2, u, x3
f1, f2, £3 = £2, fu, £3
else:
if fu <= f2:
x1, x2, x3 = x1, u, x2
f1, f2, £3 = f1, fu, f2
else:
x1, x2, x3 = u, x2, x3
f1, £2, £3 = fu, f2, £3
return (x1 + x3) / 2

IThe convergence of this method is superlinear, but local, which means, that you can take profit from using this method only near some neighbor of
optimum. Here is the proof of superlinear convergence of order 1.32.
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3.0

Quadratic approximation becomes inaccurate

2.5 4
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0.0 1

—— Function V1+x? -1

Taylor Approximation at xq
® Xo=-2.0
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Inexact line search
Sometimes, it is sufficient to find a solution that
approximately solves our problem. This is a very typical
scenario for the mentioned stepsize selection problem.

Ty =2, —aVf(zy)

a = argmin f(x, )
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Inexact line search
Sometimes, it is sufficient to find a solution that
approximately solves our problem. This is a very typical
scenario for the mentioned stepsize selection problem.

Ty =z, —aVf(zy)

a = argmin f(x;,4)
Consider a scalar function ¢(«) at a point x;,:

¢(a) = flzy —aVf(zy)),a >0

J;(XM

— min .
‘f 2,9,z Line search
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Inexact line search
Sometimes, it is sufficient to find a solution that
approximately solves our problem. This is a very typical
scenario for the mentioned stepsize selection problem. $(a)

Ty =z, —aVf(zy)

a = argmin f(x;,4)
Consider a scalar function ¢(«) at a point x;,:

P(a) = f(zp — aVf(xy)),a =0

The first-order approximation of ¢(«) near « = 0 is:

$(a) = f(@y) — aVf(wp) V()

W(o)+ L@ (4 C% 0 (;() AN

S; ( -1— ngb ( V@ Figure 15: lllustration of Taylor approximation of ¢f(«)
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Inexact line search. Sufficient Decrease
The inexact line search condition, known as the Armijo
condition, states that a should provide sufficient decrease
in the function f, satisfying:

[l —aVif(xy)) < flzg) — ¢ - aV f(x,) "V f(x)

— min .
‘f 2,9,z Line search
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Inexact line search. Sufficient Decrease
The inexact line search condition, known as the Armijo
condition, states that a should provide sufficient decrease
in the function f, satisfying:

[l —aVif(xy)) < flzg) — ¢ - aV f(x,) "V f(x)

for some constant ¢; € (0,1). Note that setting ¢; =1
corresponds to the first-order Taylor approximation of
¢(a). However, this condition can accept very small values
of «, potentially slowing down the solution process.
Typically, ¢; ~ 107 is used in practice.

— min .
‘f 2,9,z Line search
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Inexact line search. Sufficient Decrease
The inexact line search condition, known as the Armijo
condition, states that a should provide sufficient decrease
in the function f, satisfying:

[l —aVif(xy)) < flzg) — ¢ - aV f(x,) "V f(x)

for some constant ¢; € (0,1). Note that setting ¢; =1
corresponds to the first-order Taylor approximation of
¢(a). However, this condition can accept very small values
of «, potentially slowing down the solution process.
Typically, ¢; ~ 107 is used in practice.

i Example

If f(x) represents a cost function in an optimization
problem, choosing an appropriate ¢; value is crucial.
For instance, in a machine learning model training
scenario, an improper c¢; might lead to either very
slow convergence or missing the minimum.

— min .
‘f 2,9,z Line search

Figure 16: lllustration of sufficient decrease condition with

coefficient ¢
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Inexact line search. Goldstein Conditions
Consider two linear scalar functions ¢, («) and ¢, (c):

¢1(@) = flzy) — e V()2

$y(@) = flzy) — cra V()|

— min .
‘f 2,9,z Line search
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Inexact line search. Goldstein Conditions
Consider two linear scalar functions ¢, («) and ¢, (c):

¢1(@) = flzy) — e V()2 $(a)

62(0) = flz1) - 0]V ()P .
The Goldstein-Armijo conditions locate the function ¢(«)
between ¢, () and ¢4 (). Typically, ¢; = p and
¢y =1—p, with p € (0,0.5).

Y < U Q%Q

f(@r) — ap||V f(z)|3

4

—_—

0 a* a
f(@r) — (1 = p) [V (i) Il5

Figure 17: lllustration of Goldstein conditions
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Inexact line search. Curvature Condition
To avoid excessively short steps, we introduce a second
criterion:

=V f(xy, — onf(xk))TVf(mk) > CQVf(Ik)T(_Vf(mk))

— min .
‘f 2,9,z Line search
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Inexact line search. Curvature Condition
To avoid excessively short steps, we introduce a second
criterion:

=V f(xy, — onf(:vk.))TVf(mk) > CQVf(Ik)T(_Vf(mk))

for some ¢y € (¢q,1). Here, ¢ is from the Armijo
condition.

The left-hand side is the derivative V_¢(), ensuring that
the slope of ¢(«) at the target point is at least ¢, times
the initial slope V ,¢(a)(0).

Commonly, ¢y ~ 0.9 is used for Newton or quasi-Newton
methods. Together, the sufficient decrease and curvature
conditions form the Wolfe conditions.

— min .
‘f 2,9,z Line search

Sl
Q

R desired slope -

Figure 18: lllustration of curvature condition
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Inexact line search. Wolfe Condition

=V [z, —aV f(x) "V (xy) > eV (a) " (=Vf(zy))

Together, the sufficient decrease and curvature conditions
form the Wolfe conditions.

i Theorem

Let f : R®™ — R be continuously differentiable,
and let ¢(a) = f(z, — aVf(zy)). Assume
Vf(zp)Tp, < 0, where p, = —Vf(x,), making
Dy, a descent direction. Also, assume f is bounded
below along the ray {z; + ap;, | @ > 0}. We aim to
show that for 0 < ¢; < ¢y < 1, there exist intervals
of step lengths satisfying the Wolfe conditions.

)
Q

oy
s desired slope -
Figure 19: lllustration of Wolfe condition
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Inexact line search. Wolfe Condition. Proof
1. Since ¢(a) = f(z), + apy,) is bounded below and

() = f(z,) + ac; Vf(z;,)Tp; is unbounded below

(as Vf(z,)Tp, < 0), the graph of I(a) must

intersect the graph of ¢(«a) at least once. Let @’ > 0

be the smallest such value satisfying:

flzy +a'py) < flzy) + o', V(e)pe. (1)

This ensures the sufficient decrease condition is
satisfied.

— min .
‘f 2,9,z Line search
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Inexact line search. Wolfe Condition. Proof
1. Since ¢(a) = f(z), + apy,) is bounded below and

() = f(z,) + ac; Vf(z;,)Tp; is unbounded below

(as Vf(z,)Tp, < 0), the graph of I(a) must

intersect the graph of ¢(«a) at least once. Let @’ > 0

be the smallest such value satisfying:

flzy +a'py) < flzy) + o', V(e)pe. (1)

This ensures the sufficient decrease condition is
satisfied.

2. By the Mean Value Theorem, there exists
a” € (0,a’) such that:

flag+a'pp) — flay) = &'V f(z, +a"pp) 'y (2)
Substituting f(z), + o’p,) from (1) into (2), we have:
a'V f(xy, +a"pp) 'py, < &'y V(@)

Dividing through by o’ > 0, this simplifies to:

Vf(xy, + " p) o < e V() py (3)

— min .
‘f 2,9,z Line search
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Inexact line search. Wolfe Condition. Proof

1. Since ¢(a) = f(z), + apy,) is bounded below and 3. Since ¢; < ¢y and Vf(z,)Tp, < 0, the inequality
l(a) = f(x},) + ac; V f(z;,)Tp,, is unbounded below 1 V() 'y, < eoV f(2),) s, holds. This implies
(as Vf(z,)Tp, < 0), the graph of I(a) must there exists a” such that:
intersect the graph of ¢(«a) at least once. Let @’ > 0
be the smallest such value satisfying: V() +a"pp) pp < eV ()" e (4)

flay +a'py) < flz) + /e, Vi) Tp,. (1) Inequalities (3) and (4) together ensure the Wolfe

conditions are satisfied.
This ensures the sufficient decrease condition is
satisfied.
2. By the Mean Value Theorem, there exists
a” € (0,a’) such that:

flag+a'pp) — flay) = &'V f(z, +a"pp) 'y (2)
Substituting f(z), + o’p,) from (1) into (2), we have:
a'V f(xy, +a"pp) 'py, < &'y V(@)

Dividing through by o’ > 0, this simplifies to:
V(e +a"p) pe < V@) e (3)
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Inexact line search. Wolfe Condition. Proof
1. Since ¢(a) = f(z), + apy,) is bounded below and

() = f(z,) + ac; Vf(z;,)Tp; is unbounded below
(as Vf(z,)Tp, < 0), the graph of I(a) must
intersect the graph of ¢(«a) at least once. Let @’ > 0
be the smallest such value satisfying:

flzy +a'py) < flzy) + o', V(e)pe. (1)

This ensures the sufficient decrease condition is
satisfied.

. By the Mean Value Theorem, there exists

a” € (0,a’) such that:

flag+a'pp) — flay) = &'V f(z, +a"pp) 'y (2)
Substituting f(z), + o’p,) from (1) into (2), we have:
a'V f(xy, +a"pp) 'py, < &'y V(@)

Dividing through by o’ > 0, this simplifies to:

Vf(xy, + " p) o < e V() py (3)

— min .
‘f 2,4,z Line search

3. Since ¢; < ¢y and Vf(z,)Tp, < 0, the inequality

1 V(@) Ty, < oV f(x,)Tpy, holds. This implies
there exists a” such that:

Vf(xy, + " pp) o < oV () py (4)

Inequalities (3) and (4) together ensure the Wolfe
conditions are satisfied.

. For the strong Wolfe conditions, the curvature

condition:

[V f (), + ap) | < o [VF(x) ] (5)

is met because V f(z;, + ap;, )’ p;, is negative and

bounded below by ¢,V £ ()T py,.
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Inexact line search. Wolfe Condition. Proof
1. Since ¢(a) = f(z), + apy,) is bounded below and

() = f(z,) + ac; Vf(z;,)Tp; is unbounded below
(as Vf(z,)Tp, < 0), the graph of I(a) must
intersect the graph of ¢(«a) at least once. Let @’ > 0
be the smallest such value satisfying:

flzy +a'py) < flzy) + o', V(e)pe. (1)

This ensures the sufficient decrease condition is
satisfied.

. By the Mean Value Theorem, there exists

a” € (0,a’) such that:

flag+a'pp) — flay) = &'V f(z, +a"pp) 'y (2)
Substituting f(z), + o’p,) from (1) into (2), we have:
a'V f(xy, +a"pp) 'py, < &'y V(@)

Dividing through by o’ > 0, this simplifies to:

Vf(xy, + " p) o < e V() py (3)

— min .
‘f 2,4,z Line search

3. Since ¢; < ¢y and Vf(z,)Tp, < 0, the inequality

1 V(@) Ty, < oV f(x,)Tpy, holds. This implies
there exists a” such that:

Vf(xy, + " pp) o < oV () py (4)

Inequalities (3) and (4) together ensure the Wolfe
conditions are satisfied.

. For the strong Wolfe conditions, the curvature

condition:

[V f (), + ap) | < o [VF(x) ] (5)

is met because V f(z;, + ap;, )’ p;, is negative and

bounded below by ¢,V £ ()T py,.

. Due to the smoothness of f, there exists an interval

around a” where the Wolfe conditions (and thus the
strong Wolfe conditions) hold. Hence, the proof is
complete.
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.

‘f%m‘; Line search 00
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, ), and parameters 5 € (0,1) and ¢; € (0,1).

— min .
‘f 2,9,z Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, ), and parameters 5 € (0,1) and ¢; € (0,1).
2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).

— min .
‘f 2,4,z Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.
Algorithm:

1. Choose an initial step size, ), and parameters 5 € (0,1) and ¢; € (0,1).

2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).

3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.

— min .
‘f 2,4,z Line search


Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.
Algorithm:

1. Choose an initial step size, ), and parameters 5 € (0,1) and ¢; € (0,1).

2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).

3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.

— min .
‘f 2,4,z Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.
Algorithm:

1. Choose an initial step size, ), and parameters 5 € (0,1) and ¢; € (0,1).

2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).

3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.
The step size o is updated as

Qg 7= Pay

in each iteration until the chosen condition is satisfied.
o
1 Example

In machine learning model training, the backtracking line search can be used to adjust the learning rate. If the
loss doesn't decrease sufficiently, the learning rate is reduced multiplicatively until the Armijo condition is met.
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Numerical illustration
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Figure 20: Comparison of different line search algorithms

Open In Colab &
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Gradient Descent with Line Search

30 Gradient Descent with different line search algorithms
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Summary

Onpegenetns

1.
. MeTop guxotomun.

. MeTop 30n0TOro ceyeHus.

. MeTtog napabonuueckoli nHTepnoaALUN.

. VCJ'IOBI/Ie AOCTAaTO4YHOro y6bIBaHVIFI ANns HETOYHOro

g~ wN

12.

‘f — min
2oz

VHumoganeHas yHKLus.

JINHENHOro Noncka.

. VYcnoeus lNonbawteliHa Ans HETOYHOrO JIMHEAHOrO

NOUCKa.

. Ycnosue OrpaHN4eHnsa Ha KpUBU3HY ONA HETOYHOro

JINHENHOrO MOnCKa.

. Tpagnent dynkyun f(x) : R® — R.
. Teccnan dyrkuyun f(z) : R" — R.

10.
11.

SAkobuan dyrkyun f(x) : R™ — R™.
Popmyna s annpokcumaumu Teiinopa nepsoro

nopsiaka fia (x) dyHkumn f(x) : R™ — R B Touke .

DPopmyna gas annpokcumauuu Teiinopa sToporo
nopsiaka ig(x) dbyrkumn f(z) : R™ — R B Touke
Zg-

Summary

13. Cesasb gudpcpepeHuymana dyHkumn df v rpagmeHTa

V[ ans dynkumn f(z) : R™ — R.
14. Cesi3b BTOpOro audbdbeperumana dyHkumn d?f u
reccnana V2 f ana dyrkuum f(z) : R™ — R.
Teopembl

1. MeTog anxoToMun 1 3010TOrO CeHEHUs ANsi

yHuMopgansHbix pyHkuuii. CkopocTb cxoguMocTu.
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