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CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi
npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Tarke reccuan cyHKLmMM

M-nnnwuues. Torga meton HbroToHa cxonnTCAAOKaNBHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTLIO, T.€. Npu
_p* 2p .
lzo — 2" < 337

L 3M .
lzppr — 2 < Sy — 272
2p

N @Up O @aﬂ%(\? T
% f MBY  Poforero Q\Aq\ (‘\0 SAMH

— min
‘f 2,9,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas fBaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi

npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Taxke reccuan yHkLmm

M-nnnwuues. Torga meton HbroTOHa CXOAUTCA JIOKANIbHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTbLIO, T.€. Npu
* 2u

HIO - ” < 3M

lopr — 2 < 5=l — 2"

3M
- 2u

[Ooka3atenbcreo

‘f% fnﬂ MeTopn HetoToHa 0 O


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas fBaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi
npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Taxke reccuan yHkLmm

M-nnnwuues. Torga meton HbroTOHa CXOAUTCA JIOKANIbHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTbLIO, T.€. Npu
* 2p .
HIO_x ” < 3M "

I =27l < 5 Pl — = I*

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dopmyny HetoToHa-JlelibHuua

V(@) — Vi) = /0 V2 f(a" + 7y — 2wy —a)dr

— min
‘f 2,4,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas fBaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi
npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Taxke reccuan yHkLmm

M-nnnwuues. Torga meton HbroTOHa CXOAUTCA JIOKANIbHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTbLIO, T.€. Npu
* 2p .
on_x ” < 3M "

I =27l < 5 Pl — = I*

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dopmyny HetoToHa-JlelibHuua
1
Vi) = Vi) = [ Vf 4 v - a) ey o)
0

2. Mbi bygem oTCnexnBaTb pacCTosiHUE 4O PELUEHNst

— min
‘f 2,4,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas fBaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi
npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Taxke reccuan yHkLmm

M-nnnwuues. Torga meton HbroTOHa CXOAUTCA JIOKANIbHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTbLIO, T.€. Npu
* 2p .
HIO_x ” < 3M "

I =27l < 5 Pl — = I*

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dopmyny HetoToHa-JlelibHuua
1
Vi) = Vi) = [ Vf 4 v - a) ey o)
0

2. Mbi bygem oTCnexnBaTb pacCTOsiHUE 4O PELUEHNs

2 — [V2 ()] V() — 2 =@y, — 2 — [V2f(x,)] | Vf(x,) =

— min
‘f 2,4,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas fBaxabl HenpepbiHO AuddpepeHunpyemas dyrHkums Ha R™, ans BTOpOIi
npou3BoaHoll koTopoii BbinonHsioTcs HepasencTsa: 1, < V2f(z) < LI,. Mycts Taxke reccuan yHkLmm

M-nnnwuues. Torga meton HbroTOHa CXOAUTCA JIOKANIbHO K PELLEHNIO C KBAAPATUYHOW CKOPOCTbLIO, T.€. Npu
* 2p .
HIO_x ” < 3M "

I =27l < 5 Pl — = I*

[Ooka3atenbcreo

£6d =
1. Mol bygem ncnonbsosatb dopmyny Hb}OTOHa-SeVIGHVILI,a v 6< O

1

Vf () ) = /0 V2 (" + 72, — 7)) (@ — 2*)dr

2. Mbi bygem oTCnexnBaTb pacCTosiHUE 4O PELUEHNst

Ty — 0t = xp— [V2f ()] V(@) — 2" = 3y — 2" — [V2f(2)] V() =

— min
‘f 2,4,z MeTopn HetoToHa

= a2t — [V ()] / V2 (" + (g — ")) (g — a*)dr
0 @0 O


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

— min
‘f 2,9,z MeTopn HetoToHa

(I - [sz(wk)}fl

S—

V2f(x* + 7(zy — :v*))dT) (x4, — %)


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

— min
‘f 2,9,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

— min
‘f 2,9,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

1

= (1— [sz(wk)]71/0 V2 f(a* + 7(zy — a*))dr

(zp —a") =

1

V(2" +7(ay —2))dr | (2, —2") =

= [V2f($k)rl <V2f(fk) -

S—

(z) —") =

N— " M— " /

= [V f(z)] (/O (V2f(zy) = V2f(@* + 7(zy — 2¥))dT)

= [VZf(wk)Tl Gy, —7)

— min
‘f 2,4,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

3. N 'X

4. Beepéwm:

— min
‘f 2,9,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTb pasmep G, ¢ nomowpto 1, = ||z, — =*|:

— min
‘f 2,9,z MeTopn HetoToHa


Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTb pasmep G, ¢ nomowpto 1, = ||z, — =*|:

Gkl = ’ /0 (V2f(y) = V2 f (2" + 7(zy — 2%))dr)

— min
‘f 2,9,z MeTopn HetoToHa

<


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTb pasmep G, ¢ nomowpto 1, = ||z, — =*|:

‘f — min
2oz

”Gk:”:’/o (V2f(y) = V2 f (2" + r(zy — 2"))dr)|| <

1
< / V2 f(z),) — V2 f(z* + 7(z), — 27))||dT < (/lunwmuesocTb reccmana)
o

f1 <l
vlg 0O vﬂf”g'@ 0 4 M (x- ém

MeTtog HbtoToHa @0 O 8


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTb pasmep G, ¢ nomowpto 1, = ||z, — =*|:

1
< / V2 f(z),) — V2 f(z* + 7(z), — 27))||dT < (/lunwmuesocTb reccmana)
o

\

<

g (V2f(2) — V2 (" + 7(zy — *))dr)

1 1
S/ M||:vk—x*f7’(xk—x*)||d7’=/ Mz, — 2*|(1 — 7)dr
o o

— min
‘f 2,4,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTb pasmep G, ¢ nomowpto 1, = ||z, — =*|:

“Gk“:’/o (V2f(y) = V2 f (2" + r(zy — 2"))dr)|| <

1
< / V2 f(z),) — V2 f(z* + 7(z), — 27))||dT < (/lunwmuesocTb reccmana)
o

1 1
S/ M||:Uk—x*f7’(xk—x*)||d7’=/ M||:vk—x*|\(1—7)dT:%kM,
o o

6. Monyvaem: M {'
e <[l Y B P s(\‘ﬁ\‘ AL

M HaM HY>XHO OLEHWTb HOpMY 0BpaTHOro reccuaHa

‘f% fnﬂ MeTopn HetoToHa 0 O


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

recCnaHa:

— min
‘f 2,9,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

recCuaHa:

V2 f(xy,) — V2 f(x*) = —Mr,I,

NI £ 0T 0 - TR

— min
‘f 2,4,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

reccmana:
V2 f(xy) — V2 f(a*) = —Mry I,
V2 f(xy) = V2 f(*) — Mry I,

— min
‘f 2,9,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

reccuaHa:
V2 f(zy) = V2 f(a*) = —=Mr, I,
V2f(a) = V2F(a) — My,
V2f(xy,) = pul, — Mr I,

— min
‘f 2,4,z MeTopn HetoToHa

CUAb Mo VL{' (; 7<{> > /J:(:-
boi 1.


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = =M1,

V2 f(xy) = V2 f(*) — Mry I,

V2 f(wy) = pl,, — Mr I,

V2 f(wy) = (p— Mry)I,

— min
‘f 2,9,z MeTopn HetoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 anmnuwnuesoCcTnn n CVIMMeTpI/I‘-IHOCTVI

reccrnaHa: {'
V2f(;zrk) — sz(gg*) = —Mr,I, r‘(ﬂ S uvqa\ %‘rz
V2 f(xy,) = V2 f(x*) — M7 I,
V2 f (@) = (=M, = O
J{ - M(K > O
8. W13 cunbHoii BbINyKNOCTY CnepyeT, 4To
V2f(xy) = 0, ie. 7 < 2. YK 4 ‘V\
[v2 @] | < (w = pr)?
< riM
Tk S 90— M)

= ————

— min
‘f 2,4,z MeTopn HetoToHa


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

7. V3 annwnuesocty 1 CUMMETPUYHHOCTU 9. MoTpebyem, 4TOOLI BepXHss OLEHKA Ha T, | Dblna MeHblue 7,
reccuaHa: yuuntbiBas, 4to 0 < 1) < ﬁ: T— D—
V2 f(xy) = V2f(a") = —Mr,,, M I Viee Ve
V2f(ay) = VAf () = My, 20u—Mry) ~ [
V2 f(2,) = ul, — Mry, Mo
Py
V2 () = (n = Mry, 2 = Mr)
Mr, <2(pp— Mry,)
SMr, <2p
8. W13 cunbHoOIA BbINyKNOCTN CnepyeT, 4TO 5
V2f(xy) = 0, ie. 7 < 2. rk<ﬁ

925 @] ™| < 0= by

< -—nr
Tt = 2(p — Mry,)

‘f% fnﬂ MeTopn HetoToHa 0 O


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

7. V3 aunwuiuesBocTy n CUMMETPUYHOCTU 9. MoTpebyem, 4TOOLI BepXHss OLEHKA Ha T, | Dblna MeHblue 7,
reccuaHa: yunTbiBast, 4to 0 < 1) < £
V2 f(xy) — V2 f(a*) = =My 1, M
* V<
V2 f(y) = VEf(@") = Mred, 20— M) =
VA flay) = (=ML, 72 Q) 2(n — Mry)
— Mry, <2(u— Mry)
SMr, <2u
8. W3 cnnbHoli BbINYKNOCTU CheayeT, HTO 2
2 .
V2 f(xy) =0, e rp, < 4. "< 57
H[VQf(:L'k)}ilH < (u— Mrp)™t 10. Bosepalasch K oueHke HeBA3kM Ha k + 1-oii uTepauum,
2 nonydaem: -
T < 2 ——— < Tk y
2(p — Mry,) kL= o — Mry,)
Takum 06pa3om, Mbl MONY4NAM BaxkHbIl PeawfbTaT: MeTog

HbtoToHa Ana beHKLI,I/II/I C INNWnUEBLIM NOJIOXKXNTENBHO
onpep,enéHHuM reCCMaHOM CXOAUTCA KBagpaTtUu4Ho 863N

i peweHun.
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‘f — min
Tz

CegoiicTea metoaa HetoToHa

CeoiictBa metoga HbiloTtoHa
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OTcyTcTBue KBagpaTUYHOW CXOQUMOCTU, ECIM HEKOTOPbIE NPEANONI0XKEHUS
HapyLwiatoTcs

flx)y=2*  fl(z)=42®  f'(z)=1222

f(x) f'(x) f'(x)
1.01

2.54 / 10
0.5 4 0.0

. . 5
-2.54
0.0 0

-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
o S| ded 12
k+1 k f”(xk) k 12%2 k 3 k 3 k>

cxoanTes nuHeiHo Kk 0, eJMHCTBEHHOMY PELUEHNIO 3aJa4u, C JIMHERHOW CKOPOCTbLIO.

‘f - ;nyul CegoiicTea metoaa HetoToHa 0 0
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Nokanbhas cxogumocTs meTopa HbloToHa ans rnagkoi cunbHo Bbinyknon f(x)
(x—1)2, z<-1

flz)y=<22242, —l<z<l
(x+1)2, z>1

JTa d:)yHKLLI/IFI CUJIbHO BbINYyKJa, HO BTOpas
npon3BoAHAA HE ABNAETCA J'IVII'ILLII/ILI,eBOr/].
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Nokanbhas cxogumocTs meTopa HbloToHa ans rnagkoi cunbHo Bbinyknon f(x)
(x—1)2, z<-1

flz)y=<22242, —l<z<l
(x+1)2, z>1

JTa d:)yHKLLI/IFI CUJIbHO BbINYyKJa, HO BTOpas
npon3BoAHAA HE ABNAETCA J'IVII'ILLII/ILI,eBOr/].

fix) f(x) x)

N 1 TTL

-5

2 1 2 2 4 1 2 2 1 2
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JlokanbHas cxogumocTb metoga HbiotoHa gaxke ecnnm VQf aunwunues

(x—1)2, x<—1
fla)=q—12*+ 322+ 7, —1<z<1
(x+1)% x>1

OTa pyHKLMS CUNBHO BbiNyKAa 1 BTOpasi
NPON3BOAHAS SIBASAETCA NNMNLUNLEBOIA.

fix) f(x) '(x)

N /N

2 4 12 L2 4 1 2 2 4 1 2
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuyunanusauyus

0

Newton Method: Iteration 0

-~
- -~
| - ~— I
o - — - o R e

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

‘f - Wy‘rﬁ CegoiicTea metoaa HetoToHa P00 O


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuyunanusauyus

0

Newton Method: Iteration 1
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuyunanusauyus

Newton Method: Iteration 2
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuyunanusauyus

Newton Method: Iteration 3
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuyunanusauyus

Newton Method: Iteration 4
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JlokanbHas cxogumocTtb metoga HerotoHa. Xopowas nHuymuanunsauyus

0

Newton Method: Iteration 5
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma

0

Newton Method: Iteration 0
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma

0

Newton Method: Iteration 1
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma

0

Newton Method: Iteration 2
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma

0

Newton Method: Iteration 3
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma

0

Newton Method: Iteration 4
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnyunanusauma
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Newton Method: Iteration 5
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Mpobnembl metoga HbloToHa

f — min o
2,9,z CegoiicTea metoaa HetoToHa

Figure 1: Animation Hl¢
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Mpobnembl metoga HbloToHa

30 Quadratic approximation becomes inaccurate

—— Function V1+x2 -1

~ =~ Taylor Approximation at xq
® Xo=-2.0

2.54

2.0 1

1.5 1

1.0 A

0.5 1

0.0 1

_0'5 -

-1.0 . : . : S
—4 -3 ) 1 0 1 2 3

Figure 2: Animation ¢

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Metop HbiotoHa ans kBagpaTuyHoi 3agaqm (nuHeiiHow perpeccum)

1
min §xTAw —blz, AeRY™™  X(A) € [y L)

TER™

Strongly convex quadratics: n=60, random matrix, u=1, L=10

Function Gap Domain Gap Gradient Norm
s 1004
!
= 10791 = 107
x | X
L1070 B 1078 -
10712 4 || 10-12 4
- - e
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Iteration Iteration Iteration
—— Gradient Descent. a=1.67e-01 —--- Heavy Ball. a=2.15e-01, $=2.88e-01  ----- NAG. 0=9.09e-02, B=5.37e-01 —-- Newton

Figure 3: Tak kak 3agayva - KBagpaTu4Has, To metog HbroToHa cxopuTCcs 3a ofuH war.

‘f =D o herea meToga HbloToHa P00 O 18


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Metop HbiotoHa ans kBagpaTuyHoi 3agaqm (nuHeiiHow perpeccum)

|fix) = F*]

TeR™

1
min 2xTAx —b'z,

Ac Rnxn7

A(A) €

[1; L).

Convex quadratics: n=60, random matrix, u=0, L=10

Function Gap

10! |
1073 A
107 A

10-11

© o o e - e e+ e e

5 10
Iteration

—— Gradient Descent. a=1.00e-01

Ix = x" 2

Domain Gap
10! 4 |"‘“ e
s I
107+ ‘ o
l S
_s5 | =
10 ‘ ‘i
1078 4 ‘ - AN
\ JANV Y A% TN
v
0 5 10 15 20
Iteration
-=-=- HeavyBall - NAG

10712 4

Gradient Norm

=
o =
| o
S o

L L

—

o
&
L

5 10
Iteration

—-= Newton

Figure 4: B atom cnyuvae metog HbtoToHa Toxe kpaliHe BbICTpo cxofuTesi, Of4HAaKO, OTMETUM, YTO 3TO Npoucxoaut bnarogaps Tomy,

4TO MUHMMaNbHOE COBCTBEHHOE 4MCNo reccnana He 0, a okono 108

. Ecnun npumensTe metog HetoToHa B HansHoli dhopme ¢

obpalueHrneM MaTpuLbl, TO NONYHUTCs OwMbKa, Tak Kak MaTpuua BolpoxgeHa. Ha npakTuke Bce paBHO MOXHO MCMOJIb30BaTb METOZ,
‘efcnm A5 HANpPaBNeHUs UTepauum pewwats nuneiinyto cuctemy V2 f(xy)d;, = —V f(2),) METOROM HaMMeHbLINX KBAAPaTOB.

.y.z CegoiicTea metoaa HetoToHa
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Metop HbiotoHa ans kBagpaTuyHoi 3agaqm (nuHeiiHow perpeccum)

1
min —z' Az — bz, AeRY™™ ) (A)

z€R™ 2

€ [ L).

Strongly convex quadratics: n=60, random matrix, u=1, L=1000

. Function Gap Domain Gap Gradient Norm
10 e — p—
e e Sl wiasia 10041 102 {!
w02 ]
. -3 4 3
oz 1 = 10771 =~ 1072
I x 104 | =
041 X o] “ B 1074
| :
10710 4 | 10-12 4| 1071 1
H - —_ =2 = T ———— ————— ~.—
0 5 10 15 20 0 5 10 15 20 0 5 10
Iteration Iteration Iteration

—— Gradient Descent. a=2.00e-03

—=-=- Heavy Ball. a=3.75e-03, =8.81e-01  -----

NAG. a=9.99e-04, B=9.39e-01

—-= Newton

Figure 5: 3pecb uncno obycnosneHHocTn reccmana B 1000 pas bonblue, H4em B npeabigylem cinyyae, u metog HbtoToHa cxopuTes 3a
1 ntepayuio.

‘f — min
Tz

CegoiicTea metoaa HetoToHa
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Mertog HblotoHa gns 3apaym OMHapHOW NOrNCTUYECKOW perpeccum

|fix) = 7|

|fix) — "]

Convex binary logistic regression. mu=0. m=1000, n=10.
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Figure 6: Habniogaetcs pacxogumoctb metoga HetotoHa. Cpasy oTMeTuM, 4TO B 3aaYe HET peryaspusauun U rapaHTum CUAbHONA
BbINYKIOCTU. A TakXe HeT rapaHTuii TOro, YTO Mbl UHULMAAN3NPYEM METOL B OKPECTHOCTU PELUeHUs.

‘f — min
Tz

CegoiicTea metoaa HetoToHa
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Mertog HblotoHa gns 3apaym OMHapHOW NOrNCTUYECKOW perpeccum

Strongly convex binary logistic regression. mu=0.2. m=1000, n=10.
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Figure 7: [lobaBnexue perynsipusauynn rapaHTupyeT CUIbHYHO BbIMYKAOCTb, HabntopaeTcs cxogumMoctb MeToga HbtoToHa.

‘f — min
Tz

CegoiicTea metoaa HetoToHa
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Mertog HblotoHa gns 3apaym OMHapHOW NOrNCTUYECKOW perpeccum

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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Figure 8: VYeenuuum pasmeproctb B 50 pas n Habaogaem pacxognmocTb MeToga HbloToHa. DTO MOXHO CBA3aTb C TEM, YTO Mbl
VHNLMANN3NpyeM METOA B TOUKE, JaNeKoli OT pelieHus

B /— min
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Mertog HblotoHa gns 3apaym OMHapHOW NOrNCTUYECKOW perpeccum

[fx) =]

[fx) — £

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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Figure 9: He meHsis 3apady, U3MeHNM HavanbHYO TONKY 1 HabatogaeM KBagpaTUHHYO cxogumocTb metoga HbetotoHa. Oprako,
obpaTuTe BHUMaHMe Ha Bpems paboTbl. Ve npu Hebonbloii pasmepHocTu, MeToa HeloTona paboTaeT 3HaumTensHO fonblue, Yem
rpagueHTHbIE METOAbI.

‘f — min
Tz

CegoiicTea metoaa HetoToHa
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3ap,a-4a HaxoXXgeHna aHaJIMTU4HeCKoro UueHTpa MHOrorpaHHuKa

Haiitn Touky x € R"™, KoTopasi MakCUMnU3MpyeT cymmy
norapudMoB paccTosiHMiA 4O rpaHuL, noauTona:

m n
maleog(l —alz) + Zlog(l — %)
x
=1 =

WA, SKBUBANEHTHO, MUHUMU3MPYET:
m n

: T 2

min — E log(l —aj z) — E log(1 — z7%)
=1 =1

Npu OrpaHnYeHmnax: - aiTx <1 pnsascexi=1,...,m, rge
a; - ctpokn matpuusl AT - lz;| <1 anascexj=1,..,n
AHanuTNYeckuii LEHTP MHOrOrpaHHMKa - 3TO TOUKA,
KOTOpasi MaKCUMaNbHO yAaneHa OT BCex rpaHuL,
MHOrOrpaHHNKa B CMbiC/ie norapudmmyeckoro bapbepa.
DTa KOHUENUMS LWKMPOKO UCNONb3YeTCA B MeTodax
BHYTPeHHell TOYKM AN1S BbINYKAOW onTUMU3aLUN.

— min o
‘f 2,4,z CegoiicTea metoaa HetoToHa

Analytical Center of 2D Polytope:
maxy Zf:l log(1 —alx) + Z?Zl log(1 — x?)

1.5 a2
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3a,qat-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOororpaHHukKa
Analytical Center, m = 20, n = 100
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=
10—11 4
0.0 0.1 0.2 0.3
Time (s)
—— GD, «=0.005

‘f — min
Tz

CegoiicTea metoaa HetoToHa
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3a,qat-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOororpaHHukKa
Analytical Center, m = 200, n = 1000
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AdcdurHHas mHBapuaHTHOoCTb meTtoga HblotoHa

BaxHbim ceoilicteom MeToga HbtoToHa siBnsierca addunnan 6. MycTs pana cynkums f u
HeBbIpoXAeHHas maTpuua A € R™*™ nycTb " nyCTbIg(y) = f(Ay)| 3ametum, uto Vg(y) = ATV f(z) n

V2g(y) = ATV? f(2)A. Warn HetoToHa Ha g BeIpaxaloTcs Kk -
1

Yerr = 9 — (V29(0)) " Vo(us)
A

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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AdcdurHHas mHBapuaHTHOoCTb meTtoga HblotoHa

BaxkHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHan nusapuantHoctb. [lyctb gaHa dyrkuyms f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte x = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)

PackpbiBas 310, Mbl nosyyaem:

Yesr = Y — (ATV2f(Ay,)A) " ATV f(Ayy)

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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AdcdurHHas mHBapuaHTHOoCTb meTtoga HblotoHa

BaxkHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHan nusapuantHoctb. [lyctb gaHa dyrkuyms f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte x = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)
PackpbiBas 310, Mbl nony4vaem: A’ v ‘p

Yer1 = Yr — (ATVQf(Ay )A> A VA

Wcnonb3ys ceoiicteo obpaTtHoii MaTpuusl(AB)~! = B~1A~! Yro ynpowaetcs no: Q‘@ A
Y1 = Yr — A;l (VQf(Ayk)) V f(Ayy) - A
* AYpi = Ay, — (V2f(A?Jk)) V f(Ayy) — P\ : v

Xea=xe -(7°86) ) —
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AdcdurHHas mHBapuaHTHOoCTb meTtoga HblotoHa

BaxkHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHan nusapuantHoctb. [lyctb gaHa dyrkuyms f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte x = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

v = — (V9) Vo(u)
PackpblBast 3To, Mbl Nony4aem:
Yn = v — (ATVEf(Ay)A) ATV f(Ayy)
Wcnonb3ys ceoiicTeo obpaTHoii MaTpuuel (AB)™! = B~1A~1, 310 ynpowaetcs no:
Yeor = v — A7 (V3F(Ayy) Vi (Ayy)
Ay = Ayy, — (VQJC(A?JIC)Y1 Vf(Ayy)

Takum obpasom, Npasuao OBHOBAEHUS ANA T BLIFNAANT TakK:

Thy1 = T — (ng(xk)fl Vf(zy)

‘f - 51'1;!; CegoiicTea metoaa HetoToHa P00 O
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AdcdurHHas mHBapuaHTHOoCTb meTtoga HblotoHa

BaxkHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHan nusapuantHoctb. [lyctb gaHa dyrkuyms f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte x = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

-1
Y1 = U — (V29(y)) ~ Valyy)
PackpbiBas 310, Mbl nony4vaem:
—1
Ye+1 = Yk — (ATVQf(Ayk)A> ATVf(A.Uk)

Wcnonb3ys ceoiicTeo obpaTHoii MaTpuuel (AB)™! = B~1A~1, 310 ynpowaetcs no:
Veor = v — A7 (V2F(Ayy) " Vi (Ayy)
Ay = Ayy, — (V2f(A?Jk))71 Vf(Ayy)
Takum 0b6pa3om, NpaBuno OBHOBNEHNS ANS T BLITASANT TaK:

Thy1 = T — (VZf(aflc)f1 Vf(zy)

D70 nokasbiBaeT, YTO uTepauust metoga HotoToHa, He 3aBuCMT OoT MacwTaba 3agaun. Y rpagueHTHOro Crnycka Takoro
cBoiicTBa Het!
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Summary

Mntocsl:

® KpgagpaTu4yHasi cxoguMocTb B6N3N pelieHns ™

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BOAuU3u pewerus x*
® AdprHHas NHBapMaHTHOCTL

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BOAuU3u pewerus x*
® AdprHHas NHBapMaHTHOCTL
® OtcyTCTBME NapaMeTpoB y MeToAa

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

KBagpaTtuuHas cxogumocTs B6AU3M pewenus ™

AdbchbuHHas MHBapMAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXHO CAeNaTh rnobasbHOl, ecNn UCNoNb30BaTh AeMndupoBaHHbIi MeTog HbtotoHa (gobasuTh
NpoLeAypYy JIMHEAHOro NOUCKa W Luara MeToaa)

MuHycebi:

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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Summary Dep >E€k L\ B = 720"

Mnatocor: 1— an 3
® KpagpaTu4Has cxoguMocTb B6aU3M pelueHuns T* n JJMW
® AdduHHas MHBAPMAHTHOCTL 1q l O 5 -
- T ~~ l
e OTcyTcTBME NapaMeTpoB y MeToja S ~ U
® Cx0anMOCTb MOXHO cenaTb rnobanbHoli, ecam ncnonb3osats aemnduposaHHblii metog HbioTona (pobasuTs
npouesypy MHeHOro MoMcka 1 Wwara MeToaa)

MuHycbi: MQ\:— L,g ’ {O’J-

® Heobxoanmo xpanuTts (0bpaTHbIii) reccuan Ha kaxaoii utepauun: O(n?) namatu 2>
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Summary

Mntocsl:

KBagpaTtuuHas cxogumocTs B6AU3M pewenus ™

AdbchbuHHas MHBapMAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXHO CAeNaTh rnobasbHOl, ecNn UCNoNb30BaTh AeMndupoBaHHbIi MeTog HbtotoHa (gobasuTh
NpoLeAypYy JIMHEAHOro NOUCKa W Luara MeToaa)

MuHycebi:

® Heobxognmo xpanuTts (0bpaTHbIii) reccuan Ha kaxaoii utepauun: O(n?) namstu
® Heobxoanmo pewaTs nuHeiinbie cuctemsi: (n?) onepauuii
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Summary

Mntocsl:

KBagpaTtuuHas cxogumocTs B6AU3M pewenus ™

AdbchbuHHas MHBapMAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa
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Summary

Mntocsl:

KBagpaTtuuHas cxogumocTs B6AU3M pewenus ™

AdbchbuHHas MHBapMAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXHO CAeNaTh rnobasbHOl, ecNn UCNoNb30BaTh AeMndupoBaHHbIi MeTog HbtotoHa (gobasuTh
NpoLeAypYy JIMHEAHOro NOUCKa W Luara MeToaa)

MuHycebi:
® Heobxognmo xpanuTts (0bpaTHbIii) reccuan Ha kaxaoii utepauun: O(n?) namstu
® Heobxoanmo pewaTs nuHeiinbie cuctemsi: (n?) onepauuii
® [eccnaH MOXET BbITb BIPOXAEHHLIM B T
[ ]

leccnaH MOXeT He BbiTb NONOXKUTENLHO onpefeneHHbiM — Hanpasnenne —(f”(x)) ™1 f/(z) MoxeT He BbITh
HanpasneHnem crycka
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‘f — min
Tz

Quasi-Newton methods

Quasi-Newton methods

30


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

The idea of adapive metrics
Given f(z) and a point z,,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

‘f - §ny1r; Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

o= i, )
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rngBE(mo)f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

— mi N
‘f §“}‘l Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(x — )

— mi N
‘f fnﬂ Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,,. Define Now we can explicitly pose a problem of finding s, as it

B.(zy) = {z € R" : d(z, ) = €2} as the set of points  was stated above.
with distance € to ;. Here we presume the existence of a .

: ; 0 P min f(x, + 0x)
distance function d(x, x). SweRX

st. 0z Adx = €2
z*=arg min f(x)
zeB_(zg)

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

Tt —x
s=lim —
e—0 £
Let us assume that the distance is defined locally by some
metric A:
d(x,x9) = (x — xo) " Az — 20)

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)

lf%595‘2 Quasi-Newton methods 0O
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The idea of adapive metrics
Given f(z) and a point z,,. Define Now we can explicitly pose a problem of finding s, as it

B.(zy) = {z € R" : d(z, ) = €2} as the set of points  was stated above.
with distance € to ;. Here we presume the existence of a .

: ; 0 P min f(x, + 0x)
distance function d(x, x). SweRX

s.t. dx T Adw = &2
z*=arg min f(x)

2€Be(@0) Using equation ( 1 it can be written as:
Then, we can define another steepest descent direction in ) .
terms of minimizer of function on a sphere: s, Vf(zy) oz
. Tt —x st. oz’ Adx = €2
s = lim ——
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(x — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE(mt))f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

‘f — min
2oz

f(xg +02) ~ f(x0) + Vf(xO)T(Sx

Quasi-Newton methods

(1)

Now we can explicitly pose a problem of finding s, as it

was stated above.

min f(x, + 0x)

dxeRX
st. 0z Adx = €2
Using equation ( 1 it can be written as:
min Vf(z,)"éx

dTeRX
st. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,

that the answer is:

2¢2
Vf(xg) TATIV f(xg)

ox = —

AV
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE($O>f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)

‘f — min
2oz

Quasi-Newton methods

Now we can explicitly pose a problem of finding s, as it
was stated above.

min f(x, + 0x)

SreRX
s.it. dz T Adz = £2

Using equation ( 1 it can be written as:

: T
Juin Vf(z,) " oz

st. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,
that the answer is:
2¢2
Vf(ag)TAIV f(q)

or = — ATV

Which means, that new direction of steepest descent is
nothing else, but A~V f(x,).

. . . Indeed, if the space is isotropic and A = I, we
immediately have gradient descent formula, while Newton
method uses local Hessian as a metric matrix. ¢ ¢ @ 2
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m]%n the general scheme of iteration method is written as:
xeR™

T = Tp + ady,

‘f%ﬂig Quasi-Newton methods 0O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}%{n the general scheme of iteration method is written as:
xeR™
Tpyy = 2p, + gdy

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(fﬂk)

lf%ﬁ}‘i Quasi-Newton methods 0O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}}{n the general scheme of iteration method is written as:
xeR™

T = Tp + ady,

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(xk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

‘f%m‘; Quasi-Newton methods 0O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}}{n the general scheme of iteration method is written as:
sERN
Ty = Ty + oy dy
In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(xk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

Note here that if we take a single matrix of B;, = I,, as B,, at each step, we will exactly get the gradient descent
method.

The general scheme of quasi-Newton methods is based on the selection of the B), matrix so that it tends in some
sense at k — 00 to the truth value of the Hessian V2 f(z;,).

lf%595‘2 Quasi-Newton methods 0O
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:
1. SOlVe Bkdk = —Vf(xk)

‘f - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(xk)
2. Update z,, =z}, + oy d,

‘f - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(xk)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

‘f - ﬂ'.‘) Quasi-Newton methods

33


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(xk)
2. Update z,, =z}, + oy d,
3. Compute By, from B,
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!
from (B,,)L.

‘f%wﬂ Quasi-Newton methods D0 0
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (BkH)_l

from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

lf%ﬁ}‘i Quasi-Newton methods 0O
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (BkH)_l

from (B,,)L.
Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = V(@) = By (T — %) = By dy
Ay = By Azy,

‘f%m‘; Quasi-Newton methods 0O
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bk,H)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = V(@) = By (T — %) = By dy
Ay = By Azy,

In addition to the secant equation, we want:

® B, to be symmetric

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bk,H)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = V(@) = By (T — %) = By dy
Ay = By Azy,

In addition to the secant equation, we want:

® B, to be symmetric
® B, ., to be “close” to B,

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bk,H)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = V(@) = By (T — %) = By dy
Ay = By Azy,

In addition to the secant equation, we want:

® B, to be symmetric
® B, ., to be “close” to B,
® B, ~0=D8,,,>0

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Symmetric Rank-One Update

Let's try an update of the form:

— mi .
‘f ﬂ'.‘) Quasi-Newton methods

By, = By, + auu™
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Symmetric Rank-One Update

Let's try an update of the form:
By, = By, + auu™

The secant equation By, d;, = Ay, yields:

(aquk)u = Ay, — Bydy,

— mi .
‘f ﬂ'.ri Quasi-Newton methods
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Symmetric Rank-One Update
Let's try an update of the form:

By, = By, + auu™
The secant equation By, d;, = Ay, yields:

(aquk)u = Ay, — Bydy,

This only holds if u is a multiple of Ay,, — Byd,. Putting u = Ay, — B,.d},, we solve the above,

1

a=——"""">"-,
(Ay, — Bkdk)Tdk

— mi N
‘f fny“; Quasi-Newton methods
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Symmetric Rank-One Update

Let's try an update of the form:
By, = By, + auu™
The secant equation By, d;, = Ay, yields:
(au”dy)u = Ay, — By,

This only holds if u is a multiple of Ay,, — Byd,. Putting u = Ay, — B,.d},, we solve the above,

1
a=——"""">"-,
(Ay, — Bkdk)Tdk

which leads to -
(Ayy, — Bydy) (Ayy, — Bidy)

(Ay — Bkdk)Tdk

Biy1 =B+

called the symmetric rank-one (SR1) update or Broyden method.

— mi N
‘f §“}‘l Quasi-Newton methods
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Symmetric Rank-One Update with inverse

How can we solve
Bii1dyq = _vf(xkﬂ)v

in order to take the next step? In addition to propagating B, to B),_, let's propagate inverses, i.e., C}, = B;l to
_ -1
Crpr = (Bry1) -

Sherman-Morrison Formula:
The Sherman-Morrison formula states:

Aty AT
A Ty\-1 _ 4-1 _
(A+u) 1+vTA 1y
Thus, for the SR1 update, the inverse is also easily updated:

(d), — CrAy)(d), — CkAyk)T
(d), — CrAy)T Ay,

Cr1 =Cp +

In general, SR1 is simple and cheap, but it has a key shortcoming: it does not preserve positive definiteness.

B /— min ® 00

Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT,

‘f - ﬂ'.‘) Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT,
Multiplying by Ay, using the secant equation d;, = C}, Ay, and solving for a, b, yields:

CkAykAykTOk dkdg

C =C, —
i 4§ AykTCkA?/k Ayl{dk

Woodbury Formula Application
Woodbury then shows:

Ayzﬂ?) ( d, Ayl ) Ay Ayl
B,..,=|1- B, [I— +
i ( Aygdk F Aygdk Ayl{ dy,

This is the Davidon-Fletcher-Powell (DFP) update. Also cheap: O(n?), preserves positive definiteness. Not as
popular as BFGS.

‘f - §“}‘l Quasi-Newton methods @ 0O
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

‘f - ﬂ'.‘) Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

The secant equation Ay, = By, ,d,, yields:

Ay, — Brdy, = (auTdy)u + (bvTd,)v

‘f - ﬂ'.ri Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

The secant equation Ay, = By, ,d,, yields:
Ay, — Brdy, = (auTdy)u + (bvTd,)v

Putting u = Ay, v = B, d,, and solving for a, b we get:

B,d,df' B Ay Ayt
Byoy = By — kKL D YRV

dj; Bydy, dj; Ayj,

called the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update.

‘f - fny“; Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula
The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:

(A+UCV) ™ = AL — A U(C~ + VATIU) VA

‘f - ﬂ'.‘) Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula

The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:
(A+UCV) ' =A" - A'WUC '+ VAU 'VA
Applied to our case, we get a rank-two update on the inverse C:

(dy, — CkAyk)dkT dy,(dy, — CkAyk)T (dy, — CkAyk)TAyk

Co1=C, + + - dydf
i F Ay;fdk Ay;{dk (Aylzdk)2 ok
d, Ayl Ay, dT d df
b ( Aydek) i ( Aygdk - Ayfdk

This formulation ensures that the BFGS update, while comprehensive, remains computationally efficient, requiring
O(n?) operations. Importantly, BFGS update preserves positive definiteness. Recall this means B, > 0 = B, > 0.
Equivalently, C}, = 0= C}; >~ 0
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Code

® Open In Colab

‘f — min
Tz

Quasi-Newton methods
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Code

® Open In Colab
® Comparison of quasi Newton methods
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Code

® Open In Colab
® Comparison of quasi Newton methods
® Some practical notes about Newton method
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