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Hauckopenwnii cnyck aka To4HbIA NNHElHbIA NONCK

= arg min f(y,,) = arg min f(x, —aV f(zy))
acR acRt

Bonee Teopetuyeckuii, 4em npakTudeckmii nogxog K Boibopy wara. OH Takke nossonsier
aHaNN3MpPOBaTh CXOAUMOCTb, HO TOYHbINA JIMHENHBIA NOUCK MOXET OblTb YNCAEHHO CNOXHbIM,
€CAN BbIYUCIEHNE PYHKLNN 3aHUMAET CIULIKOM MHOFO BPEMEHU AU TPeDYeT CAULLIKOM

MHOIO PecypcoB.
NHTepecHoe TeopeTnyeckoe CBONCTBO 3TOro MeTOAA 3aKJOHAETCs B TOM, HTO KaxkAaas

CleayroLWwas nTepaLms MeTofa OpTOroHasbHa NpenbiayLei:

ay = arg (IXIGI%I} [z, —aV f(zy))

— min
‘f ry.z  KBagpaTwyHas 3agada onTuMusaumm
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€CAN BbIYUCIEHNE PYHKLNN 3aHUMAET CIULIKOM MHOFO BPEMEHU AU TPeDYeT CAULLIKOM

MHOIO PecypcoB.
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,F(@ _L ’Ax-—‘

CleayroLWwas nTepaLms MeTofa OpTOroHasbHa NpenbiayLei:

oy, = arg min [z —aVif(xy))
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COI'Ipfvl)KEHHble HanpasneHua. A—OpTOI’OHaﬂbHOCTb.

v1 and v, are orthogonal V1 and V2 are A-orthogonal

viv2=0.00 72702 = — 0.80
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

MpeanonoXnm, y Hac ecTb 4Be CUCTEMbI KOOPAMHAT 1 KBagpaTudHas dyHkumns f(z) = %J}TI:L‘ BbIFSAUT TaK, KakK Ha

neBoll yacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aesn,.

1

—zT Iz

2
Mockonbky A = QAQT: t

1
~3T Az
2

— min
‘f 2,9,z OpTOroHanbHOCTh
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Bektopbl € R™ n y € R™ HasbiBatoTcst A-opToroHanbHbiMu (nnn A-conpsixeHHbIMI), ecan

2T Ay =0 & xlay

Korpa A = I, A-opTOroHanbHOCTb NPEBPALLAETCst B OPTOrOHANLHOCTb.
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‘f - fn.}‘; MeTog, conpsikeHHbix Hanpasnennii (CD) DO

11


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Ob6uwaa upesn

B N30TPONHOM Cliy4Hae A=1 MEeTOoA HaMCKope|7|Luero Cnycka, 3aI'IyLLI,eHHbII7I n3 I'IpOI/I3BOJ'IbHOﬁ TOYKN B N
OPTOroHaNbHbIX JINHENHO HE3aBUCUMBbIX HanpaBieHUsAX, c0|7|p,eTc;| 3a 7 WaroB B TOYHbIX apmd)mequeCKmx
BblyucneHusix. Mbl neitaemcsi NOCTPOUTb aHANOrM4YHYIO Npouenypy B cnydae A 7£ I ¢ ncnonb3oBaHnem

B,/ — mi

KoHLuenuunm A-opToroHanbHOCTH.
Mpeanonoxunm, y Hac ecTb HAabOp U3 1 NIMHEVHO HE3aBUCUMbI

A-opToroHanbHbix HanpasneHuii d, ...

,d

n—1

(koTopble ByayT BbluMCAEHbI ¢ noMoLbto npouecca [pama-LL

min o
.z MeTog, conpsikeHHbix Hanpasnennii (CD)

A
HATE)

11


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Ob6uwaa upesn

® B uzoTponHoM ciyyae A = I meToa Hauckopelilero cnycka, 3anyweHHblli 13 NPON3BOLHONR TOYKU B 7
OPTOrOHaJIbHbLIX JINHEAHO HE3aBUCUMbIX HaMpPaBAEHUAX, COMAETCS 3a 1 WaroB B TOYHbLIX apuMeTnyeckunx
BblumcneHnsx. Mbl NbiTaeMcst NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A & I ¢ ncnons3osaHnem
KoHLuenuunm A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop M3 1 NNHERHO He3aBUCUMbIX A-opToroHanbHbix Hanpasnenuii dy, ..., d
(koTopble ByayT BbluMCeHbl ¢ nomoLybto npouecca pama-LLmugra).

® Mbl XOTUM NOCTPOUTL METOJ, KOTOPLIA MAET N3 T B T ANS KBaAPaTUHHONM 3aja4u C WaraMu «;, KOTOpbIA,
haKTUYeCKN, SIBASIETCS PasiioKeHneM X — x, B HEKOTOpPOM basuce:

n—1 n—1
=z + E o, d; 5 — 15— E o,d,
i=0 i=0

n—1

‘f - fn.}‘; MeTog, conpsikeHHbix Hanpasnennii (CD) P00 O

11


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Ob6uwaa upesn

® B uzoTponHoM ciyyae A = I meToa Hauckopelilero cnycka, 3anyweHHblli 13 NPON3BOLHONR TOYKU B 7
OPTOrOHaJIbHbLIX JINHEAHO HE3aBUCUMbIX HaMpPaBAEHUAX, COMAETCS 3a 1 WaroB B TOYHbLIX apuMeTnyeckunx
BblumcneHnsx. Mbl NbiTaeMcst NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A & I ¢ ncnons3osaHnem
KoHLuenuunm A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop M3 1 NNHERHO He3aBUCUMbIX A-opToroHanbHbix Hanpasnenuii dy, ..., d
(koTopble ByayT BbluMCeHbl ¢ nomoLybto npouecca pama-LLmugra).

® Mbl XOTUM NOCTPOUTL METOJ, KOTOPLIA MAET N3 T B T ANS KBaAPaTUHHONM 3aja4u C WaraMu «;, KOTOpbIA,
haKTUYeCKN, SIBASIETCS PasiioKeHneM X — x, B HEKOTOpPOM basuce:

n—1 n—1
— Wk —
x 7x0—|—g a,d; x —;rofg o,d;
i=0 i=0

® Mol gokaxkeM, 4To ¢v; U d; MOTYT BbITb NOCTPOEHbI O4eHb SOMEKTUBHO C BLIYNCAUTENLHON TOHKN 3PEHNS
(MeTog conpsiXeHHbIX rpagueHToB).

n—1

‘f - fn.}‘; MeTog, conpsikeHHbix Hanpasnennii (CD) P00 O


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

— min =
‘f Tz MeTog, conpsikeHHbix Hanpasnennii (CD)
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

[Ooka3atenbcTBo

Mo onpepenenuio

i—1
e; =ey+ E a;d;
=0
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Jlemmbl ana cxogumocTun

.
1 Jlemma 4. Hessizka opToroHanbHa Bcem npefblaywium Hanpasnenusim gns CD.

PaccmoTprim HeBsi3Ky MeTofa COMpsiXEHHbIX HanpasieHuii Ha k utepauun 1, Toraa Ans nwboro ¢ < k:

‘f — min
Tz

MeTog, conpsikeHHbix Hanpasnennii (CD)

dZTY’k =0

R —

(7)
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Jlemmbl gnsa cxogumocTtun
i Jlemma 4. HeBsizka opToroHasbHa BCeM npegbiaywnm Hanpasnenusim gns CD.
PaccmoTprim HeBsi3Ky MeTofa COMpsiXEHHbIX HanpasieHuii Ha k utepauun 1, Toraa Ans nwboro ¢ < k:
diTrk =0

[Ooka3artenbcreo

3anuwewm (6) gns HekoToporo
drkcupoBaHHoro nHaekca k:

— min =
‘f 2oz MeTog, conpsikeHHbix Hanpasnennii (CD)
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Jlemmbl ana cxogumocTun

JNlemma 4. Hesizka opToroHasnbHa Bcem npegbiaywinm Hanpasnenusim ans CD.

o ——

PaccmoTprim HeBsi3Ky MeTofa COMpsiXEHHbIX HanpasieHuii Ha k utepauun 1, Toraa Ans nwboro ¢ < k:

d;rrk =0

[Ooka3artenbcreo
— e = 1y

3anuwem (6) Ansi HeKOTOPOro
] [l
T

(7)

index

Y

drkcupoBaHHoro nHaekca k:
l 1
T T

Y 0 ; k n—1

e, = Z —ajdj

=k
VMHOXaem obe qacTu Ha @
npeAblaywnm Hanpaenennsam d; ans metoga CD.

n—1
—dT Aey, = " a;dT Ad; =0

J=k -
.

— min =
‘f 2oz MeTog, conpsikeHHbix Hanpasnennii (CD)

Takum obpasom, di'r;, = 0 n HessA3Ka ), OPTOroHanbHa BCeM
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‘f — min
Tz

Metopg conpsixerHbix rpagunentos (CG)

Mertop conpsixenHbix rpaguenTtos (CG)
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Npes metopa conpsixenHbix rpaguentos (CG)

® 3570 byKBaNbHO METOA COMPSIXKEHHbBIX HaMpaBfeHuli, B KOTOPOM Mbl BblOMpaem cheunanbHblii Habop dy, ..., d
NO3BONSAOWNIA 3HaYUTENBHO yckopuTb npouecc Ipama-LLmugra.

n—1r
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Npes metopa conpsixenHbix rpaguentos (CG)

® 570 byKBaNbHO METOA COMPSIXKEHHbBIX HaMpaBfeHuii, B KOTOPOM Mbl BblOMpaem cheLnanbHblii Habop dy, ..., d
NO3BONSAOWNIA 3HaYUTENBHO yckopuTb npouecc Ipama-LLmugra.

® Wcnonb3syercs npouecc pama-LLmugra ¢ A-opToronansHocTbto BMecTo EBKNMAOBON OPTOroHasbHOCTW, YTODbI
NoNy4YnUTh UX 13 Habopa HavasbHbIX BEKTOPOB.

n—11
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Npes metopa conpsixenHbix rpaguentos (CG)

370 ByKBaNbHO METOJA COMPSIXKEHHbIX HAMPaBeHUli, B KOTOPOM Mbl Bbibupaem cneuunanbHblii Habop dy, ..., d
NO3BONSAOWNIA 3HaYUTENBHO yckopuTb npouecc Ipama-LLmugra.

WNcnonbsyetcs npouecc Npama-LUmugra ¢ A-opTtoroHansHocTbio BMecTo EBKIMAOBOIA opTOoroHansHoCTH, 4TObbI
NoNy4YnUTh UX 13 Habopa HavasbHbIX BEKTOPOB.

n—11

® Ha kaxgoit utepaunu 7, ..., r,_; UCNOJb3YIOTCS B Ka4eCTBE Ha4asibHbIX BEKTOPOB /15 MpoLiecca

o PO

\

‘f - fn.}‘; MeTog conpsikeHHbix rpagneHTos (CG) P00 O 19


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Npes metopa conpsixenHbix rpaguentos (CG)

B,/ — mi

m

370 ByKBaNbHO METOJA COMPSIXKEHHbIX HAMPaBeHUli, B KOTOPOM Mbl Bbibupaem cneuunanbHblii Habop dy, ..., d
no3BoAsitoWwnii 3HaunTeNsHO yckopuTb npouecc pama-Lmugra.

WNcnonbsyetcs npouecc Npama-LUmugra ¢ A-opTtoroHansHocTbio BMecTo EBKIMAOBOIA opTOoroHansHoCTH, 4TObbI
Noly4nTb MX U3 Habopa Ha4asibHbIX BEKTOPOB.

Ha kaxxpoii ntepauyum rg, ..., 7,_; UCMNONbL3YIOTCA B Ka4eCTBE HaYasibHbIX BEKTOPOB AJs NpoLiecca
[pama-LLmnaTa.

OcHoBHas ufes 3akN0HaeTcs B TOM, 4TO ans npomssosnbHoro metoaa CD npouecc pama-LUmungra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNSI BEKTOPOB 1 CKasISIPHbIX
npoussepeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXeEM, HTO CIOKHOCTb 3TOM NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).

n MeTog conpsikeHHbix rpagneHTos (CG) P00 O

n—11
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Npes metopa conpsixenHbix rpaguentos (CG)

B,/ — mi

m

370 ByKBaNbHO METOJA COMPSIXKEHHbIX HAMPaBeHUli, B KOTOPOM Mbl Bbibupaem cneuunanbHblii Habop dy, ..., d
no3BoAsitoWwnii 3HaunTeNsHO yckopuTb npouecc pama-Lmugra.

WNcnonbsyetcs npouecc Npama-LUmugra ¢ A-opTtoroHansHocTbio BMecTo EBKIMAOBOIA opTOoroHansHoCTH, 4TObbI
Noly4nTb MX U3 Habopa Ha4asibHbIX BEKTOPOB.

Ha kaxxpoii ntepauyum rg, ..., 7,_; UCMNONbL3YIOTCA B Ka4eCTBE HaYasibHbIX BEKTOPOB AJs NpoLiecca
[pama-LLmnaTa.

OcHoBHas ufes 3akN0HaeTcs B TOM, 4TO ans npomssosnbHoro metoaa CD npouecc pama-LUmungra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNSI BEKTOPOB 1 CKasISIPHbIX
npoussepeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXeEM, HTO CIOKHOCTb 3TOM NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).

n MeTog conpsikeHHbix rpagneHTos (CG) P00 O
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Npes metopa conpsixenHbix rpaguentos (CG)

® 570 byKBaNbHO METOA COMPSIXKEHHbBIX HaMpaBfeHuii, B KOTOPOM Mbl BblOMpaem cheLnanbHblii Habop dy, ..., d
no3BoAsitoWwnii 3HaunTeNsHO yckopuTb npouecc pama-Lmugra.

® Wcnonb3syercs npouecc pama-LLmugra ¢ A-opToronansHocTbto BMecTo EBKNMAOBON OPTOroHasbHOCTW, YTODbI
Noly4nTb MX U3 Habopa Ha4asibHbIX BEKTOPOB.

® Ha kaxgoit utepaunu 7, ..., r,_; UCNOJb3YIOTCS B Ka4eCTBE Ha4asibHbIX BEKTOPOB /15 MpoLiecca
[pama-LLmnaTa.

® OcHoBHasi NAEs 3aKJILOHAETCA B TOM, 4TO Asis npon3sonbHoro metoga CD npouecc Npama-LLmugra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNSI BEKTOPOB 1 CKasISIPHbIX
npoussepeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXeEM, HTO CIOKHOCTb 3TOM NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).

CG=CD+ry,...,7r,_1 KaK HavaibHble BeKTOpPbl Anst npouecca [pama-LLimuara + A-opToroHanbHOCTb.

‘f - fn.}‘; MeTog conpsikeHHbix rpagneHTos (CG) P00 O

n—11

19


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

‘f — min
Tz

Metopg conpsixerHbix rpagunentos (CG)

Mertop conpsixenHbix rpaguenTtos (CG)
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

i, =0 Vi# k

‘f - fny"; MeTog conpsikeHHbix rpagneHTos (CG)
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha {-,-) 4 = 2T Ay
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Jlemmbl ana cxogumocTun
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Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha {-,-) 4 = 2T Ay

C

i ) > f = \
di:ui+zﬁjidj 6ji:_m (9) L&\ - r L
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha {-,-) 4 = 2T Ay

dv = Uy + iﬁjzdj 5jz <dj’ul L (9)
j=0 <dj7dj A

Torga, Mbl UCNONIb3yeM HEBSI3KW B Ka4ecTBe
HaYaNbHbIX BEKTOPOB AJ/15 Npouecca u u; = 1;.

‘f - fn.}‘; MeTog conpsikeHHbix rpagneHTos (CG)
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

Tre=0  Vi#k (8)

T
[DokasatenscTBo .
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, ) index
3aMeHeHHbIM Ha {-,-) 4 = 2T Ay | y | !

3>
1 T T 1 =

0 7 k n—1

d = d <d]7 ui)A 9
= Ut j;ﬁﬁ j P =— <dj7d].)A ©) YmHoxaem obe uactu (9) Ha 1T+ ans HekoToporo uHgekca k:
i1
Toraa, Mbl UCMONb3YeM HEBS3KW B KayecTse T T < T
HaYasibHbIX BEKTO = T di =Ty U+ Zﬁj”k d;
POB AN Mpouecca u u; = T;. =
i i = %5 Fji <dj7 dj)A
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

Tre=0  Vi#k (8)

T
[DokasatenscTBo .
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, ) index

3aMeHeHHbIM Ha {-,-) 4 = 2T Ay | y | !
T T T T

0 7 k n—1

Y

i—1 <d- u)
A
d. = u. d. B = —2 A 9
= Ut j;ﬁﬂ J 511 <dj7d].)A ©) VMHoxaem obe vactn (9) Ha rg- A5 HEKOTOPOro mHAaekca k:
i1
Torpa, Mbl UCNONb3yeM HEBSI3KM B KadecTse .
= rid; =riu; + Z Bjﬂdej
Ha4aNbHbIX BEKTOPOB AJIs MpOLECca 1 u; = T;. y=
i1 (d,r) Ecnn j < i < k, To umeem nemmy 4 dd¥r, =0 n djTrk = 0] Nmeem:
i) A
di=r,+Y Bud; B,;=——"—" (10)
o ]Z:; e (dj,d;) 4 rfu; =0 ans CD rir, =0 pna CG
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

‘f - ?qyu} Metopg conpsixerHbix rpagunentos (CG)

k—1
T, _ T T
rpdy =1 + E BikTr d;
7=0
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Jlemmbl ana cxogumocTun
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

ridy, = riiug, + Z Bk d;

n Mbl UMeeM Anst ntoboro k (M3-3a nponsBosbHOroO Bbibopa ):

‘f — min
Tz

Metopg conpsixerHbix rpagunentos (CG)

_,.T
s =rpu, +0,

Tg _ T
Ty dj, = T, Uy,

(11)
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:
k—1

T, _ T T, _ T
T dy =1 Uy + E BT d; = i up + 0,
=0

“ Mbl UMeeM Aast ntoboro k (M3-3a nponsBosibHOrO Bbibopa i):

Tg — T
T dy = T Uy

o
1 Jlemma 6. lMNepecueT HeBs3KN

Tk)+1 =T — akAdk

‘f - fny"; MeTog conpsikeHHbix rpagneHTos (CG)

(11)

(12)
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Jlemmbl ana cxogumocTun r

Bonee Toro, ecnun k = i: L
k—1

T, _ T T, _ T
T dy =1 Uy + E BT d; = i up + 0,
=0

“ Mbl UMeeM Aast ntoboro k (M3-3a nponsBosibHOrO Bbibopa i):

T; _ T
T dy = T Uy
i Jlemma 6. [MepecyeT HeBsi3KK

Ty = 1y — g Ady,

Tep1 = —Aegq = —Ale, + apdy) = —Aey, — a Ady, = 1), — oy Ady,

. PR

c-.

(11)

(12)

HakoHeuw, BCce 3Tn BbllleyKa3aHHble NIEMMbI AOCTAaTOYHbI A5 AOKA3aTeNbCTBa, YTO 5;‘1‘ = 0 ans Bcex i, j, Kpome

COCEfIHUX.
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG
<d7'7 ui>A

d]TAui

P

777

‘f - Wy‘rﬁ Metopg conpsixerHbix rpagunentos (CG)

dT Ad,

23


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz
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Paccmotpum npouecc Npam-LLmugra 8 metoge CG J,
_ (d7,u2> _ df Au, Yy df Ar,
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG
<d7'7 ui>A

d]TAui djTAri rT Ad.

v J

P T,

‘f - Wy‘rﬁ Metopg conpsixerHbix rpagunentos (CG)

djTAdj djTAdj djTAdj‘
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG
<d7'7 ui>A

d]TAui djTAri rT Ad.

v J

P T,

‘f - Wy‘rﬁ Metopg conpsixerHbix rpagunentos (CG)

djTAdj djTAdj djTAdj‘

23


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz
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Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rT Ad;

B =—1 = =i

(ddyy,  dTAd;  dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rT Ad;

B =—1 = =i

(ddyy,  dTAd;  dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“'+1> = <Ti7rj - ajAdj>
—_—

J
_—
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B = (dj,u)a dj Au; _ dj Ar; _ ri Ad
e _<dj dida _d;'rAdj - _d;'rAdj - _d;'rAde

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <Ti7rj - ajAdj> = (r,rQ — O‘j<ri7Adj>
Qi (rss Adj)
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rT Ad;

ﬁji:_ ; = ; L

(ddyy,  dTAd;  dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):

(risripn) = (rjr; — o Ady) = (ry,rj) — aj<ri7Adj>

2 1 (RE]

aj(ﬁ'»Adj) = (ﬁ‘ﬂ“j) - <7“i»7"j+1>

‘f - fny"; MeTog conpsikeHHbix rpagneHTos (CG)
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Paccmotpum npouecc Npam-LLmugra 8 metoge CG

B = (dj,u)a dj Au; _ dj Ar; _ ri Ad
e _<dj dida _d;'rAdj - _d;'rAdj - _d;'rAde

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):

<7"z'77“j+1> = (ry,r; — ajAdj> = (r;,r;) — aj<ri7Adj>

'y R
Oéj<T11aAdj> = <Ti7rj> - <7’1‘,a7"j+1>

Ecnv i = j: |0y (r;, Ady) = (i, r5) — (5, 754) = (r;,7;). DTOT cayyaii He MHTEPECEH MO MOCTPOEHMIO MpoLjecca

I'pam-WMngra—™m™/ —
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Mpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmugra 8 metoge CG

5. = (dj,u)a df Au, _ df Ar, _ rlAd,
®T U dydy),  dTAd;  dTAd;  dTAd;

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):

{r, rJ-‘l\ = (r.r 7ryJ-AdJ-\ =(r.r;) —a]-(ri,Adj>
O‘j<'rivAdj> = (ﬁ‘ﬂ“j) - <7’M"j+1>
1. Ecm i = j: ay(ry, Ad;) = (ry,m3) — (r;,m41) = (73, 7;). DTOT CiyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa

y

17" 17"
[pam-LLmngTa®
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,r_q) — (i) = — (1, 73)

(22 RE
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(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>
Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>
1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa
[pam-LLmungra.
2. Coceptnii cnysan @ = j + 1t a(r;, Ad.) = (r;,m,_q) — (ry,r;) = —(r;,7;)

3. [ns noboro apyroro cny4as: a;(r;, A dj = (,|noTomy 4TO BCe HEBSI3KM OPTOrOHaNIbHbI ApYr APYryY.
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>
Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa
[pam-LLmungra.

2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,rq) — () = — (1, 7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
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Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>
1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,rq) — () = — (1, 7;)
3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMY 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny ang @ = j + 1:
rI Ad,;

= —77' J
%5 =~ arAd,
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
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Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,rq) — () = — (1, 7;)
3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.
Hakoneu, mbl nmeem copmyny anst @ = j + 1:
r Ad, 1 {r;,m;)

101

Bji = — IT r=— T
di Ad; o d] Ad,
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Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rlAd,
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PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
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1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa

27"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,rq) — () = — (1, 7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
/8,_ _ 7T3“Ad] _ i(?"i,’f’z) _ d’jTAd] <ri’r2.>
y T T T T
7 dj Ad;  q; dj Ad; dj r dj Ad;

J
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa

27"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r,rq) — () = — (1, 7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
g _MAd 1 () GAd ) ()
7 djTAd]- Q; d;fFAdj djTr djTAdj (ri575)

J
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
5. = _(dj,ul)A _ _d]TAui _ _djTAr,i _ _T;—ZwAde
J (dj,d;) 4 djTAdj d]-TAdj djTAdj

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = j: a(ry, Ad;) = (ry, i) — (73, miq1) = (73,75

[pam-LLmungra.
i) =

2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r;,riq) — (ry,m; Tiy 1)

RE

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
ri Ad, L (risry) d;"rAdj (risry) — (rom) — (ryma)

T e _ _
J dJ-TAd]- o d;frAdj djTrj dJ.TAdj (rj,ry) (T, Ti)
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Paccmotpum npouecc Npam-LLmugra 8 metoge CG
5. = _(dj,ul)A _ _d]TAui _ _djTAr,i _ _T;—ZwAde
J (dj,d;) 4 djTAdj d]-TAdj djTAdj

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = j: a(ry, Ad;) = (ry, i) — (73, miq1) = (73,75

[pam-LLmungra.
i) =

2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r;,riq) — (ry,m; Tiy 1)
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Mpam-LLmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmugra 8 metoge CG
5. = _(dj,ul)A _ _d]TAui _ _djTAr,i _ _T;—ZwAde
J (dj,d;) 4 djTAdj d]-TAdj djTAdj

PaccmoTprm ckansipHoe npowussefeHune (rl-,er) ucnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>
Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>
1. Ecwm i = j: ay(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7). DTOT CyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECCa
[pam-LLmungra.
) =—(

2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (r;,riq) — (ry,m;

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Tiy 1)

RE

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
ri Ad, L (risry) d;"rAdj (risry) — (rom) — (ryma)

T e _ _
J dJ-TAd]- o d;frAdj djTrj dJ.TAdj (rj,ry) (T, Ti)

(Tt Thr)
W pnst wanpasnenus dy g = riq + Bppi1dis Brgsr = Pr = ﬁ
k» 'k
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Mertop, conpsixenHbix rpaguentos (CG)

‘f — min
Tz

MeTog conpsikeHHbix rpagneHTos (CG)

ro:=b— Ax,

if r is sufficiently small,

V, = -v%(%g

then return x as the result

dyi=r; &— CTA‘m /OU‘(?(I ZPU‘?Q‘(F(I.\

- erNuher
repeat - wal& ”G«C)k.
o e _SETk &L PV(((CJ(A
Fdl A4, e
Xp= xk—l—akdkl — wa

r, . = I, — o Ady | <— V\epec}w'r Hfg&jk‘?

=

B, = Tpr1Th+1

k= T.
Tply

if r;..; is sufficiently small, then exit loop

€— MM

dpyq =Tpy + 5kdk| <— HOo goR HQV.P_

k=k+1
end repeat

return x;,, as the result
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CxogumocTtb

Teopema 1. Ecim matpuua A vMeeT TONILKO T pasnnyHbIX COBDCTBEHHbIX 3HAYEHUI, TO METOZ, COMPSIXKEHHbBIX
rpajVeHToOB CXOQUTCA 3a T UTepauuii.

Teopema 2. Cnep,yrom,aﬂ OUEHKa CXOA4NMMOCTU BbINMONHAETCA ANA METOoAA CONPAXXEHHbIX rpaANeHTOB, KakK Ans
NTEPALNOHHOIO MeToAa B CUJTIbHO BbII'IyKJ'IOﬁ 3a4a4ye:r

K(A)—1

T, — x4 <2
(£ la < ) 1 1

lzog — 2" 4>

rpe [z]% = 2T Az w n(A) = 5 (A) - 270 4mcno obycnonenHoCTM MaTpuLl A, A (A) > ... > X, (A) - cobcTentblie

3HaYeHust maTpuubl A

Mpumeyvanue: CpaBHuTe KO3(PPUUNEHT reOMETPUHECKON NPOrPeCcCUn C ero aHaloroM B METOLE FPaANEHTHOrO
cnycka.
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HYucneHHoble IKCNEPUMEHTDI
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Convex quadratics. n=60, random matrix.
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Eigenvalues

1
flz) = ixTA:c —bTx — min

xeR™

Strongly convex quadratics. n=60, random matrix.
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HYucneHHoble IKCNEPUMEHTDI
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Strongly convex quadratics. n=60, random matrix.
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Strongly convex quadratics. n=60, clustered matrix.
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Strongly convex quadratics. n=60, uniform spectrum matrix.

Eigenvalues

100 4

80 A

60 -

40 1

Eigenvalues of A

20 A

Function gap

‘f — min
Tz

Norm of Gradient

103 4
0 \\;\'\. -5 ~
109 4 ST - 1073 A \\\
— Ay
1073 \ = 1071~ ™
! ) = X
X 1076 \ 5 10717 4 .
= \ - AN
1079 4 \\ 10-23 N
\ AN
10-12 4 \ . 1072 4 N
; : . . 1 S . . . . . -
20 40 60 0 25 50 75 100 0 25 50 75 100
Dimension Iteration
—— Gradient Descent —-= Steepest Descent ——=~ Conjugate Gradients
P00 O

Metopg conpsixerHbix rpagunentos (CG)

32


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

HYucneHHoble IKCNEPUMEHTDI

1
flx) = 2T Az — b7z — m%{n
zeR™

Strongly convex quadratics. n=60, Hilbert matrix.
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‘f — min
Tz

Mertop conpsixeHHbIX rpagveHToB Ans HekBagpaTuyHbix 3agad (Non-linear CG)

MeTop conpsiKeHHbIX rPagneHTOB ANsi HekBaapaTuyHbix 3agay (Non-linear CG) DO
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Mertop, conpsixeHHbIX rpagveHToB Ans HekBagpaTudHbix 3agad (Non-linear CG)

B cnyuae, korga HeT aHaIMTUYHECKOrO BbIPAXXEHUS 4151 (DYHKLUU NN ee TPaSUeHTa, Mbl, CKOPEe BCEro, HE CMOXEM
peLnTb OL4HOMEPHYHO 3a4ady MUHUMMU3auMK aHanuTuydeckn. oaTomy war 2 anropntma 3ameHsieTcsi 0bbIHHOI
npoueaypoii nuHeiiHoro noucka. Ho ecTb cnepyrownii MaTeMaTUYECKUIA TPIOK AN YETBEPTOro Liara:

[Ons gByx utepauuii cnpagegnueo:
Ty — Ty = cdy,

— min .
‘f 2,9,z MeTop conpsi>keHHbIX FPAaANEHTOB ANA HekBagpaTuyHbix 3aaa4 (Non-linear CG)
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npoueaypoii nuHeiiHoro noucka. Ho ecTb cnepyrownii MaTeMaTUYECKUIA TPIOK AN YETBEPTOro Liara:

[Ons gByx utepauuii cnpagegnueo:
Ty — Ty = cdy,

rOe ¢ - HEKOTOPAA KOHCTaHTaA. Torp,a ANA KBAaAPATUHHOIO Ciiy4ast Mbl UMeEEM:

V(@ra) = VIxg) = (Azgyy —b) — (Azy — b) = A(wyyy — ) = cAdy,

— min .
‘f 2,9,z MeTop conpsi>keHHbIX FPAaANEHTOB ANA HekBagpaTuyHbix 3aaa4 (Non-linear CG)
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Mertop, conpsixeHHbIX rpagveHToB Ans HekBagpaTudHbix 3agad (Non-linear CG)

B cnyuae, korga HeT aHaIMTUYHECKOrO BbIPAXXEHUS 4151 (DYHKLUU NN ee TPaSUeHTa, Mbl, CKOPEe BCEro, HE CMOXEM
peLnTb OL4HOMEPHYHO 3a4ady MUHUMMU3auMK aHanuTuydeckn. oaTomy war 2 anropntma 3ameHsieTcsi 0bbIHHOI
npoueaypoii nuHeiiHoro noucka. Ho ecTb cnepyrownii MaTeMaTUYECKUIA TPIOK AN YETBEPTOro Liara:

[Ons gByx utepauuii cnpagegnueo:

Ty — Ty = cdy,

rOe ¢ - HEKOTOPAA KOHCTaHTaA. Torp,a ANA KBAaAPATUHHOIO Ciiy4ast Mbl UMeEEM:

V(@) = Vi) = (Azy g —b) — (Azy — b) = Azyy — ap) = cAdy,

1
Beipaxas us atoro ypasHenuns senuundy Ad, = = (Vf(z,.1) — Vf(z;)), Mbl nsbaensemcs oT sHaHHS PyHKLUMM B
c

onpeaeneHnn Bkv TOoraa NyHKT 4 6yp,eT nepenncaH Kak:

V(@) (V@) — V)
dZ(Vf(ka) — Vf(zy))

DT0T MeTog, Ha3biBaeTcs meTtogom Monaka-Pubbepa.

By =

‘f - fn.}‘; MeTop conpsi>keHHbIX FPAaANEHTOB ANA HekBagpaTuyHbix 3aaa4 (Non-linear CG) P00 O
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zeR™

My, LNC .
f(z) = 5”43”2 + m ;101‘%(1 + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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zeR™

By, - .
fl@)=Slel+ — ;log(l + exp(—y;{a;, ))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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zeR™

By, - .
fl@)=Slel+ — ;log(l + exp(—y;{a;, ))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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Regularized binary logistic regression. n=300. m=1000. u=10
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Regularized binary logistic regression. n=300. m=1000. u=10
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