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M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .
HIO_x ” < 3M "
3M

e =27l < 5 7l = >

— min
‘/ 29,2 MeTtoa HbtoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI

npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm

M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2u

HIO - ” < 3M

A e L

3M
- 2u

[Ooka3atenbcreo

‘/% fnﬂ MeTtoa HbtoToHa @0 0


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI
npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm

M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .
on_x ” < 3M "

I =27l < 5 Pl — = I”

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dpopmyny HetoToHa-JlelibHuua

V(@) — V() = /0 V2 f(a* + 7, — 2y —a)dr

— min
‘/ 29,2 MeTtoa HbtoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI
npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm

M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .
on_x ” < 3M "

I =27l < 5 Pl — = I”

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dpopmyny HetoToHa-JlelibHuua
1
Vi) = Vi) = [ Vf 4 v - a) ey -2
0

2. Mbi bygem oTcnexmBaTb pacCToOsiHAE A0 PELIEHUS

— min
‘/ 29,2 MeTtoa HbtoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI
npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm

M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .
on_x ” < 3M "

* 3M * |2
logr — 2" < ﬁlm —a|
[Ooka3atenbcreo
1. Mol bygem ncnonbzosatb dpopmyny HetoToHa-JlelibHuua
1
Vi) = Vi) = [ Vf 4 v - a) ey -2

0

2. Mbl bygem oTcnexuBaTh pacCTOsiHAE 40 peLleHunst

Ty — 0t =z — [V2f(x)] Vi(ay) — 2" =z — 2" — [V2(2)] V() =

— min
‘f 2,9,z MeTtoa HbtoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI

npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm

M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .

on_x ” < 3M "

I =27l < 5 Pl — = I”

[Ooka3atenbcreo

1. Mol bygem ncnonbzosatb dpopmyny HetoToHa-JlelibHuua
1
Vi) = Vi) = [ Vf 4 v - a) ey -2
0
2. Mbl bygem oTcnexuBaTh pacCTOsiHAE 40 peLleHunst
* -1 * * -1
Ty — 2" =ap — [V f(z)]  Vi(xy) —a* =2y, —a" — [V f(z))]  Vi(z,) =

1
— == (V)] [ VA - a)) oy - )i
lf%595‘2 Metog HetoToHa J0 900


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

— min
‘/ 2,9,z MeTopn HetoTona

(I - [sz(wk)}fl

S—

V2f(x* + 7(zy — :v*))dT) (z), — %)


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

— min
‘/ 2,9,z MeTop HetoTona


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

1

= (I— [sz(xk)rl/o

= [VQf(xk)rl (VQf(Ik) -

V2f(x* + 7(zy — x*))dT) (z), —2*) =

1

S—

(), —2*) =

VAf(a* +7(x), — w*))df) (), — ") =

= [V2f(a)] (/O (V2f(zy) = V2 f (2" + 7(xy — 7))dT)

— min
‘f 2,9,z MeTop HetoTona


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

1

= (I— [sz(xk)rl/o

= [VQf(xk)rl (VQf(Ik) -

V2f(x* + 7(zy — x*))dT) (z), —2*) =

1

S—

(), —2*) =

VAf(a* +7(x), — fv*))df) (), — ") =

= [V2f(wk)]71 (/o (V2 f(xy) = VA f(a* 4 (2, — 2%))dT)

= [V2f($k)]7l Gz, — ")

— min
‘f 2,9,z MeTtoa HbtoToHa


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb

3.
- (1 — [V2f(a)] /01 V2f(a* + 7(z), — x*))dT) (z, —z*) =
= (V2 ()] <V2f(xk) _ /01 V2 f(z* + (2, — x*))dr) () — %) =
= [V2f(a)] ( /O (V2 aa) — VG i — x*))dﬂ) (2, — ") =
= [V2 ()] Gulay —a")
4. Beepém:

Gy = /0. (V2 f(ay) = V2 f(a* + 72 — a¥))dr) .

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — =*|:

— min
‘/ 2,9,z MeTop HetoTona
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — =*|:

Gkl = ’ /0 (V2f(zy) = V2 f (2" + 7(zy — 2%))dr)

— min
‘/ 2,9,z MeTtoa HbtoToHa

<
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — =*|:

<

Gkl = ’ /0 (V2f(zy) = V2 f (2" + 7(zy — 2%))dr)

1
< / V2 f(z),) — V2 f(z* + 7(z), — 2%))||dT < (JlunwmuesocTsb reccmana)
o

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — =*|:

<

Gkl = ’ /0 (V2f(zy) = V2 f (2" + 7(zy — 2%))dr)

1
< / V2 f(z),) — V2 f(z* + 7(z), — 2%))||dT < (JlunwmuesocTsb reccmana)
o

1 1
S/ M||wk—x*f7’(xk—x*)||d7’=/ M||wk—x*|\(1—7)dT:%kM,
o o

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — =*|:

<

Gkl = ’ /O (V2f(zy) = V2 f (2" + 7(zy — 2%))dr)

1
< / V2 f(z),) — V2 f(z* + 7(z), — 2%))||dT < (JlunwmuesocTsb reccmana)
o

1 1
S/ M||wk—x*f7’(xk—x*)||d7’=/ M||xk—ac*|\(1—7)dT:%kM,
o o

6. Monyvaem:

The1 < H[V2f($k>]7lH‘ %M "Tg

U HaM HY>XHO OLEHWTb HOpMY 0bpaTHOro reccruaHa

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

recCnaHa:

— min
‘/ 2,9,z MeTop HetoTona


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

recCnaHa:

V2 f(xy,) — V2 f(x*) = —Mr,I,

— min
‘/ 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

reccmana:
V2 f(xy) = V2 f(a*) = —Mry I,
V2 f(xy) = V2 f(x*) — Mry I,

— min
‘/ 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

reccuaa:
V2 fay) = V2 f(2*) = =My I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

— min
‘/ 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CI/IMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = —Mr I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CI/IMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = —Mr I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

8. N3 cunbHoli BbINyKNOCTM CrepyeT, 4TO
V2f(xy) = 0, ie. 7 < 2.

|92 @] < (n = by

< -—nr
T = 2(p— Mry,)

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CI/IMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = =M1,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

8. W13 cunbHoii BbINyKNOCTW CneayeT, 4To
V2f(xy) = 0, ie. 7 < 2.
-1
|92 @] < (n = by

r < 7T%M
LT 2 — M)

— min
‘f 2,9,z MeTtoa HbtoToHa

9. MoTpebyem, 4TOOLI BepxHss OLiEHKA Ha T | Oblna MeHblue 7,

b
yunTbigas, 4o 0 < 7 < 47:

77%]‘4 < 7T
2(p— Mry,)
<1
2(p— Mry,) g
Mr, <2(p— Mry,)
SMr, < 2u
2p
T < m
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CxogumocTtb

7. VI3 annwunuesocTi n cCMMMETPUHHOCTY 9. lMoTpebyem, 4TODbLI BepXHsIsi OLEHKA HA Ty | Oblna MeHbLue T,
reccuaHa: yunTbiBas, 4to 0 < ) < £
V2 flag) = V2 f(a*) = —=Mr, I, M
* V<
V2 (xy) = V2f(a*) = My, 2u—Mry) =
V2 f(ay) = (= M, 2= Mry)
Mr, <2(p— Mry,)
SMr, < 2u
8. VI3 cunbHoii BBINYKNOCTM ChepyeT, 4To 2
2 .
V2 f(xy) =0, e rp, < 4. "< 337
H[VQf(xk)}ilH < (u— Mry)™t 10. Bosepalasch k oueHke HeBa3kM Ha k + 1-oif uTepauum,
) nony4aem:
The1 < % S r2M - 3Mr?
(e = M) B 2= M) S 2

Takum 0Opasom, Mbl NOYHNUAN BaXKHbIA PE3y/ibTaT: METOL,
HetoToHa anis pyHKLMM C INNLLNUEBLIM NOJOXKNTENBHO
ONpeAenEHHbIM recCaHOM CXOAUTCS KBaApaTUYHO BOAU3M

i peweHun.
‘f fnﬂ MeTtoa HbtoToHa @0 0
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‘f — min
Tz

CegoiicTea metopa HetoToHa

CeoiictBa metoga HbloTtoHa

10
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OTcyTcTBue KBagpaTUYHOM CXOQUMOCTU, ECIM HEKOTOPbIE NPEANOI0XKEHUS
HapyLwiatoTcs

flx)y=2*  fl(z)=42®  f(z)=1222

f(x) f'(x) f'(x)
1.01

2.54 / 10
0.5 4 0.0

. . 5
-2.51
0.0 0

-1.0 -0.5 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
I (N, S W
k+1 k f”(xk) k 12w2 k 3 k 3 k>

cxoanTes nuHeirHo K 0, eJMHCTBEHHOMY PELUEHNIO 3afauu, C JIMHERHON CKOPOCTbLIO.

‘f - ;nyu} CegoiicTea metopa HetoToHa 00

11
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Nokanbhas cxogumocTs metopa Helotona ans rnagkoii cunbHo Boinyknon f(x)
(x—1)2, z<-1

flz)y=<22242, —l<z<l
(x+1)2, z>1

JT7a beHKLLI/I;I CWUJIbHO BbINyK/a, HO BTOpas
Npon3BoAHAA HE ABNSAETCA J'II/II'ILLII/ILI,eBOﬁ.

‘/ - ?qyu} CegoiicTea metoaa HetoToHa @0 O
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Nokanbhas cxogumocTs metopa Helotona ans rnagkoii cunbHo Boinyknon f(x)
(x—1)2, z<-1

flz)y=<22242, —l<z<l
(x+1)2, z>1

JT7a d:)yHKLLI/I;I CWUJIbHO BbINyK/a, HO BTOpas
Npon3BoAHAA HE ABNSAETCA J'II/II'ILLII/ILI,eBOﬁ.

fix) f(x) x)

N 1 TTL

-5

2 1 2 2 4 1 2 2 1 2

‘f - ?qyu} CegoiicTea metoaa HetoToHa P00 O
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JlokanbHas cxogumocTb metoga HbiotoHa pgaxke ecnnm V2f aunwunues

(x—1)2, x<—1
fla)=q—q2*+ 322+ 7, —1<z<1
(z+ 1) z>1

OTa pyHKLMS CUNIBHO BbiMyKaa 1 BTOpasi
NPON3BOAHAS SIBASAETCA NINMNLLNLEBOIA.

fix) flx) '(x)

N /N

2 4 12 L2 4 1 2 2 4 1 2

‘f - ?qyu} CegoiicTea metoaa HetoToHa P00 O
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration O
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration 1
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration 2
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration 3
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration 4
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JlokanbHas cxogumocTb metoga HbitotoHa. Xopowas niuynanusauyus

Newton Method: Iteration 5
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration O
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 1
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 2

-
—
—

g

&f — i CgoiicTea meTo, IH I I I
..z AdHbwyoHa N n N Fa Tl =
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 3
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-
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&f — i CgoiicTea meTo, IH I I I
T,z AdHbwyoHa N n N n
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 4
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 5
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&f — i CgoiicTea meTo, IH I I I
T,z AdHbwyoHa N n N n


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Mpobnembl metoga HbloToHa

f — min o
2,9,z CegoiicTea metopa HetoToHa

Figure 1: Animation ll¢

16
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Mpobnembl metoga HbloToHa

30 Quadratic approximation becomes inaccurate

—— Function V1+x? -1

~~~ Taylor Approximation at xq
® Xo=-2.0

2.51

2.0 1

1.5 1

1.0 A

0.5 1

0.0 1

—-0.51

-1.0 . . . : S
—4 -3 ) 1 0 1 2 3

Figure 2: Animation ¢

— min o
‘f 2,9,z CegoiicTea metopa HetoToHa
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

1
min ExTAw —b'z, AeR™™  X(A) € [y L)

xTER™

Strongly convex quadratics: n=60, random matrix, u=1, L=10

Function Gap Domain Gap Gradient Norm
s 1004
!
= 10791 = 107
x | X
L1070 B 1078 -
10712 4 || 10-12 4
- - e
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Iteration Iteration Iteration
—— Gradient Descent. a=1.67e-01 —--- Heavy Ball. a=2.15e-01, $=2.88e-01  ----- NAG. 0=9.09e-02, p=5.37e-01 —-- Newton

Figure 3: Tak kak 3agayva - KBagpaTu4Has, To Metog HbtoTOHa CxoauMTCs 3a OAMH War.

‘f =D o hersa meToga HbloToHa P00 O 18
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

|fix) = F*]

xTeR™

1
min 2xTAx —b'z,

Ac Rnxn,

A(A) €

[1; L).

Convex quadratics: n=60, random matrix, u=0, L=10

Function Gap

10! |
1073 A
107 A

10-11

© o o e - e e o i e

5 10
Iteration

—— Gradient Descent. a=1.00e-01

Ix = x" 2

Domain Gap
10! 4 |"‘“ e
s I
107+ ‘ o
l <
_s5 =
10 ‘ ‘i
1078 4 ‘ - AN
\ JANV Y A% TN
v
0 5 10 15 20
Iteration
—-=-=- HeavyBall - NAG

10712 4

Gradient Norm

=
o =
| o
S o

L L

=

o
&
L

5 10
Iteration

—-= Newton

Figure 4: B atom cnyyae metog HbtoToHa Toxe KpaliHe BbICTpo CXoguTesi, OfHAKO, OTMETUM, YTO 3TO MpoucxoauT bnarogapsi Tomy,

4TO MUHMMaNbHOE COBCTBEHHOE 4MCNo reccuana He 0, a okono 108

. Ecnun npumensTs metog HetoToHa B HansHoli dhopme ¢

obpalleHrneM MaTpuLbl, TO NOAYHUTCs OWMDKa, Tak Kak MaTpuua BoipoxAeHa. Ha npakTuke Bce paBHO MOXHO MCMONBL30BaTb METOA,
‘efcnm A5 HANPaBNeHUs UTepaLum pewwats nuneiinyio cuctemy V2 f(xy)dy, = —V f(2),) METOROM HaMMeHbLINX KBAAPaTOB.

.y.z CegoiicTea metopa HetoToHa

(v ] 19
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

1
min —z' Az — bz, AeR™™ ) (A)

z€R™ 2

€ [p; L.

Strongly convex quadratics: n=60, random matrix, u=1, L=1000

. Function Gap Domain Gap Gradient Norm
10 e — p—
e e Sl wiasia 10041 102 {!
w02 ]
. -3 4 3
oz 1 = 10771 =~ 1072
I x 1074 | =
041 X o] “ B 1074
| :
10710 4 | 10-124 | 1071 1
H - —_ =2 = == ————— ~.—
0 5 10 15 20 0 5 10 15 20 0 5 10
Iteration Iteration Iteration

—— Gradient Descent. a=2.00e-03

—=—=- Heavy Ball. =3.75e-03, =8.81e-01  -----

NAG. a=9.99e-04, B=9.39e-01

—-= Newton

Figure 5: 3pecb uncno obycnosneHHocTn reccmana B 1000 pas bonblue, 4em B npeablaylem ciyyae, u metog HbtoToHa cxopmuTes 3a
1 ntepayuio.

‘f — min
Tz

CegoiicTea metopa HetoToHa

20
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

|fx) = 7|

|fix) — "]

102 4

10—1 4

102 4

10—1 4

o
vl
o

Iteration

0.000 0.025 0.050 0.075
Time

—— GD 0.09

Convex binary logistic regression. mu=0. m=1000, n=10.

xic = x|

i = x|

105

103 4

101 4

o
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Iteration
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7]
@ 0.5
0.00 0.05 0.10
Time
—— Newton 1

Figure 6: Habniogaetcs pacxognmocts metoga HetotoHa. Cpasy oTMeTuM, 4TO B 3afaye HET perynsapusaunu v rapaHTum CUbHON
BbINYKIOCTU. A TakxXe HeT rapaHTuii TOro, YTO Mbl UHULMAAN3NPYEM METOL B OKPECTHOCTU PEeLUeHus.

‘f — min
Tz

CegoiicTea metopa HetoToHa
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

Strongly convex binary logistic regression. mu=0.2. m=1000, n=10.

— 1021 = 1n-2
% 10724
i x
— |
< 1075 X 107 1

0 10 20 30 0 10 20 30

Iteration Iteration
— 1072 4 = -2
" 10724
T x
— |
= 1075 X 105 4
0.00 0.05 0.10 0.00 0.05 0.10
Time Time
—— GD 1.0 —— Heavy Ball. =1.00e+00. B=4.00e-01

Train accuracy
e o o
w o ~
L ) R

=]
IS
s

o

10 20
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Train accuracy
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Time
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Figure 7: [lobaBneHue perynsipusauyum rapaHTupyet CUIbHYIO BbIMYKAOCTb, Habntogaetcs cxoqumocts MeToaa HetoToHa.

‘f — min
Tz

CegoiicTea metopa HetoToHa
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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—— GD 0.08 —— Heavy Ball. a=1.50e-01. B=5.00e-01 —— NAG. a=8.00e-02. B=5.00e-01 —— Newton 1

Figure 8: Veenuuum pasmeproctb B 50 pas n Habaogaem pacxoanmocTb MeToga HbloToHa. ITO MOXHO CBSi3aTb C TEM, Y4TO Mbl
VHNLMANN3NpyeM METOL B TOUKe, JaNeKoli OT pelleHus

B /— min
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

[fx) =]

[fix) — £

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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Figure 9: He meHsis 3apady, U3MeHMM HavanbHYO TONKY 1 HabntogaeM KBagpaTUHHYO cxogumocTb metoaa HetotoHa. OpHako,
obpaTuTe BHUMaHMe Ha Bpemsi paboTbl. Ve npu Hebonblwoli pasmepHocTu, metog HbtoTona paboTaeT 3HaunTenbHO fosble, Yem
rpagueHTHbIE METOAbI.

‘f — min
Tz

CegoiicTea metopa HetoToHa
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3ap,a-4a HaxoXXgeHna aHaJIMTU4HEeCKOoro UueHTpa MHOrorpaHHuKa

Haiitn Touky x € R"™, KoTopasi MakCUMnU3npyeT cymmy
norapudMoB paccTosiHMiA JO rpaHuL, NoaUToNa:

m n
maleog(l —alz) + Zlog(l — %)
x
=1 =

WNW, SKBMBANEHTHO, MUHUMUNPYET:
m n

: T 2

min — E log(1—ajx)— E log(1 — %)
=1 j=1

Npu OrpaHUYeHunsax: - aZ-Tx <1 pnsascext=1,...,m, rge
a; - ctpokn matpuusl AT - |z;| <1 anascexj=1,...n
AHanuTUYeCKWii LEHTP MHOrOrpaHHIKa - 3TO TOYKa,
KOTOpasi MaKCMMaNbHO yAaNeHa OT BCex rpaHuL,
MHOrOrpaHHNKa B CMbiC/ie norapudmMmuyeckoro bapbepa.
Ta KOHLENUMs LWMPOKO UCMONb3YeTCA B MeTodax
BHYTPeHHell TO4KM AN1s BbINYKAOW oNTUMU3aLUN.

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa

Analytical Center of 2D Polytope:
max, >0_ log(1 — al'x) + 2,21.21 log(1 — %)

1.5 g
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3a,qa-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOrorpaHHukKka
Analytical Center, m = 20, n = 100
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‘f — min
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CegoiicTea metopa HetoToHa
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3a,qat-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOrorpaHHukKka
Analytical Center, m = 200, n = 1000
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—— GD, a=0.00015 —— Heavy Ball, a=0.00015, B=0.79 —— NAG, a=0.00015, =0.79 —— Newton, damping=1.0
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)

‘f - fny"; CegoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)

PackpbiBas 310, Mbl nosyyaem:

Yesr = Y — (ATV2f(Ay,)A) " ATV f(Ayy)

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa

28


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)

PackpbiBas 310, Mbl nosyyaem:

Yer1 = U — (ATV2f(Ay,) A) " ATV f(Ay,)

Wcnonb3ys ceoiicTeo obpaTHoii MaTpuusl (AB)™! = B~1A~1, 310 ynpowaetcs no:

Vs = v — A7 (V2f(Ay,)) " VF(Ayy)

-1

Aypyr = Ayy, — (V2f(A?Jk)) Vf(Ay,)

‘f - 51'1;!; CegoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Vi = Ui — (V29(5)) "~ Va(ye)
PackpbiBas 310, Mbl nony4vaem:
Yiir = — (ATV2f(Ay)A) T ATV f(Ayy)
Ncnonb3ysi ceoiicTBo 0bpaTHOl MaTpuupbl (AB)_1 =B71471 s10 yNpoLLaeTcsa Ao:
Yot = v — A7 (V2F(Ayy) " VI (Ayy)
Ayk+1 = Ay, — (V2f(A?Jk))71 Vf(Ayk)

Takum obpa3om, Npaeuao 0bHOBNEHNS ANS T BbIFAAUT TaK:

Thy1 = T — (ng(xk)fl Vf(zy)

‘f - 51'1;!; CegoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(u0) " Valye)

PackpbiBas 310, Mbl nosyyaem:

Yer1 = U — (ATV2f(Ay,) A) " ATV f(Ay,)

Wcnonb3ys ceoiicTeo obpaTHoii MaTpuusl (AB)™! = B~1A~1, 310 ynpowaetcs no:

-1
Y1 = Y — ATV F(Ayy))  VI(Ayy)
-1
Aypyr = Ayy, — (V2f(A?Jk)) Vf(Ay,)
Takum obpasom, Npasuao OOHOBAEHUSI ANA T BbIFNAANT TakK:

Thy1 = T — (VZf(aflc)f1 Vf(zy)

ITO nokasbIBaeT, YTO nTepauust metoga HetoToHa, He 3aBMCUT OT macwTaba 3agayun. Y rpagueHTHOro Crnycka Takoro
cBoiicTBa Het!
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Summary

Mntocsl:

® KpgagpaTu4Hasi CXoauMocTb B6N3N peleHns ™

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BbAnN3u peweHns x*
® AdprHHas NHBapMaAHTHOCTb

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BbAnN3u peweHns x*
® AdprHHas NHBapMaAHTHOCTb
® OTcyTCTBME NapaMeTpoB y MeToAa

MuHycebi:

— min o
‘f 2,9,z CegoiicTea metoaa HetoToHa
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Summary

Mntocsl:

KBagpaTuiHas cxognmocTs B6AM3M pewenuns ™

AdbchbuHHas MHBapUAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAeNaTh rnobasbHON, ecnn UCnonb3oBaTh AeMndurposaHHbili MeTon HbtoToHa (nobasntb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToaa)

MuHycebi:

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTuiHas cxognmocTs B6AM3M pewenuns ™

AdbchbuHHas MHBapUAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAeNaTh rnobasbHON, ecnn UCnonb3oBaTh AeMndurposaHHbili MeTon HbtoToHa (nobasntb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToaa)

MuHycebi:

® Heobxoanmo xpaHuTb (0bpaTHbIl) reccuan Ha kaxaoi utepauumn: O(n?) namsitu

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTuiHas cxognmocTs B6AM3M pewenuns ™

AdbchbuHHas MHBapUAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAeNaTh rnobasbHON, ecnn UCnonb3oBaTh AeMndurposaHHbili MeTon HbtoToHa (nobasntb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToaa)

MuHycebi:

® Heobxoanmo xpaHuTb (0bpaTHbIl) reccuan Ha kaxaoii utepauuun: O(n?) namsitu
® Heobxoanmo pelaThb NuHeiiHble cuctemsr: ((n3) onepauuii

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTuiHas cxognmocTs B6AM3M pewenuns ™

AdbchbuHHas MHBapUAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAeNaTh rnobasbHON, ecnn UCnonb3oBaTh AeMndurposaHHbili MeTon HbtoToHa (nobasntb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToaa)

MuHycebi:

® Heobxoanmo xpanuTts (0bpaTHbIii) reccuan Ha kaxaoii utepauumn: O(n?) namatu
® Heobxoaumo pewaTs nuneiinbie cuctemsi: ((n?) onepauuii
® [eccraH MOXET DObiTb BbIPOXKAEHHBIM B X*

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTuiHas cxognmocTs B6AM3M pewenuns ™

AdbchbuHHas MHBapUAHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAeNaTh rnobasbHON, ecnn UCnonb3oBaTh AeMndurposaHHbili MeTon HbtoToHa (nobasntb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToaa)

MuHycebi:
® Heobxoanmo xpanuTts (0bpaTHbIii) reccuan Ha kaxaoii utepauumn: O(n?) namatu
® Heobxoaumo pewaTs nuneiinbie cuctemsi: ((n?) onepauuii
® [eccraH MOXET DObiTb BbIPOXKAEHHBIM B X*
[ ]

leccnaH MOXeT He BbiTb NONOXKNTENLHO OnpedeseHHbiM — Hanpasnenne —(f”(x)) ™1 f/(z) MoxeT He BbITh
HanpasneHnem crycka

‘f - 5“.}‘2 CegoiicTea metoaa HetoToHa P00 O
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‘f — min
Tz

Quasi-Newton methods

Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

‘/ - §ny1r; Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

= i, )

‘/ - §ny1r; Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

o i, [

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

— mi N
‘/ §“}‘l Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
z€B_ ()
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTtz
s =lim —9
e—0 £

— mi N
‘/ §“}‘l Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTtz
s =lim —9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(x,x9) = (v — xO)TA(w — )

— mi N
‘/ fnﬂ Quasi-Newton methods
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The idea of adapive metrics
Given f(z) and a point z;,. Define Now we can explicitly pose a problem of finding s, as it

B.(zy) = {z € R" : d(z, ;) = €2} as the set of points  was stated above.
with distance € to z,. Here we presume the existence of a .

: ; 0 P min f(x, + 0x)
distance function d(x, x). SzeRX

) st. 0z Adx = €2
z*=arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:
. Tr—x
s = lim —2
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(x,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(xo) + Vf(zo) "0 (1)

l/%?“}‘i Quasi-Newton methods 0O
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The idea of adapive metrics
Given f(z) and a point z;,. Define Now we can explicitly pose a problem of finding s, as it
B.(zy) = {z € R" : d(z, ;) = €2} as the set of points  was stated above.
w.ith distance € to Zq. Here we presume the existence of a min f(zy + )
distance function d(x, x). SweRX
s.t. oz Adx = €2
x* =arg min f(x)
2€Be (o) Using equation ( 1 it can be written as:

Then, we can define another steepest descent direction in

o . : T
terms of minimizer of function on a sphere: min V f(z,)' 0z

dxeRX
. Tt —x s.t. 0z Adz = £2

s=lim ——

e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(x,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(xo) + Vf(zo) "0 (1)

l/%?“}‘i Quasi-Newton methods 0O
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE(%)f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTtz
s =lim —9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(x,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

‘/ — min
2oz

f(xg +02) ~ f(20) + Vf(l?o)T(sx

Quasi-Newton methods

(1)

Now we can explicitly pose a problem of finding s, as it

was stated above.

min f(x, + 0x)

SreRX
s.t. 0z Adz = £2

Using equation ( 1 it can be written as:

; T
Juin Vf(z,) "oz

s.t. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,

that the answer is:

2¢2
Vf(zg)TATIV f(xg)

or = —

AV
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE(%)f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTtz
s =lim —9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(x,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(xo) + Vf(zo) "0 (1)

‘f — min
2oz

Quasi-Newton methods

Now we can explicitly pose a problem of finding s, as it
was stated above.

min f(x, + 0x)

SreRX
s.t. 0z Adz = £2

Using equation ( 1 it can be written as:

in Vf(z,) oz
Juin Vf(z,) "oz

s.t. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,
that the answer is:
2¢2
V f(zg) TATIV f(z0)

ox = — ATV S

Which means, that new direction of steepest descent is
nothing else, but A=V f(x,).

. . . Indeed, if the space is isotropic and A = I, we
immediately have gradient descent formula, while Newton
method uses local Hessian as a metric matrix. ¢ ¢ @
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m%n the general scheme of iteration method is written as:
xeR™

T = Tp + ady,

‘f%ﬂig Quasi-Newton methods 0O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m%n the general scheme of iteration method is written as:
xeR™
Tpyy = T+ ogdy,

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(xk)

lf%ﬁ}‘i Quasi-Newton methods 0O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m%n the general scheme of iteration method is written as:
xeR™

T = Tp + ady,

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(xk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

‘f%m‘; Quasi-Newton methods 0O

32


https://fmin.xyz
https://hse25.fmin.xyz
https://github.com/MerkulovDaniil/hse25
https://t.me/fminxyz

Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m%n the general scheme of iteration method is written as:
TER™
Ty = Ty + oy dy
In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(xk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

Note here that if we take a single matrix of B;, = I,, as B,, at each step, we will exactly get the gradient descent
method.

The general scheme of quasi-Newton methods is based on the selection of the B, matrix so that it tends in some
sense at k — oo to the truth value of the Hessian V2 f(x,).

lf%595‘2 Quasi-Newton methods 0O
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:
1. SOlVe Bkdk = —Vf(xk)

‘/ - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(xk)
2. Update z,, =z}, + oy d,

‘/ - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

‘/ - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

‘/ - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bkﬂ)_l
from (B,,)L.

‘/%wﬂ Quasi-Newton methods D0 0
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bkﬂ)_l

from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

K/AF‘J‘L Quasi-Newton methods 0O
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bml)_l

from (B,,)L.
Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = VI(xg) = By (T — %) = Bipady,
Ay = By Azy,

‘/%m‘; Quasi-Newton methods 0O
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bkﬂ)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = VI(xg) = By (T — %) = Bipady,
Ay = By Azy,

In addition to the secant equation, we want:

® B;., to be symmetric

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bkﬂ)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = VI(xg) = By (T — %) = Bipady,
Ay = By Azy,

In addition to the secant equation, we want:

® B;., to be symmetric
® B, ., to be “close” to B,

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (Bkﬂ)_l
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for B, ; (motivated by the secant method):

V(@) = VI(xg) = By (T — %) = Bipady,
Ay = By Azy,

In addition to the secant equation, we want:

® B;., to be symmetric
® B, ., to be “close” to B,
® B, ~0=D8,,,>0

‘f% fnﬂ Quasi-Newton methods P00 O 33
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Symmetric Rank-One Update

Let's try an update of the form:

— mi .
‘f ﬂ'.‘) Quasi-Newton methods

By, = B;, + auu™
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Symmetric Rank-One Update

Let's try an update of the form:
By, = B;, + auu™

The secant equation B}, d;, = Ay, yields:

(au”dy)u = Ay, — By,

— mi .
‘f ﬂ'.ri Quasi-Newton methods
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Symmetric Rank-One Update
Let's try an update of the form:

Bk}+1 = Bk =+ aUUT
The secant equation B}, d;, = Ay, yields:

(aquk)u = Ay, — Bydy,

This only holds if u is a multiple of Ay, — Byd,. Putting u = Ay, — B, d,,, we solve the above,

1

a=——"" """,
(Ay, — Bkdk)Tdk

— mi N
‘f fny“; Quasi-Newton methods
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Symmetric Rank-One Update

Let's try an update of the form:
Bk+1 = Bk + aUUT
The secant equation B}, d;, = Ay, yields:
(au”dy)u = Ay, — By,

This only holds if u is a multiple of Ay, — Byd,. Putting u = Ay, — B, d,,, we solve the above,

1
a=——"" """,
(Ay, — Bkdk)Tdk

which leads to -
(Ayy, — Bydy) (Ayy, — Bidy)

(Ay — Bkdk)Tdk

Biy1 =B+

called the symmetric rank-one (SR1) update or Broyden method.

— mi N
‘f §“}‘l Quasi-Newton methods
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Symmetric Rank-One Update with inverse

How can we solve
Bii1dy = _vf(xkﬂ)v

in order to take the next step? In addition to propagating B), to B),_, let's propagate inverses, i.e., C}, = Bgl to
_ -1
Crpr = (Bry1) -

Sherman-Morrison Formula:
The Sherman-Morrison formula states:

A T AT
A Ty\-1 _ 4-1 _
(A+u) 1+0vTA 1y
Thus, for the SR1 update, the inverse is also easily updated:

(d), — CrAy)(d), — CkAyk)T
(d), — CrAy)T Ay,

Cr1 =0+

In general, SR1 is simple and cheap, but it has a key shortcoming: it does not preserve positive definiteness.

B /— min ® 00

Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT.

‘/ - ﬂ'.‘) Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT.
Multiplying by Ay, using the secant equation d;, = C}, Ay, and solving for a, b, yields:

CkAykAykTOk dkdg

C =C, —
i 4§ AykTCkA?/k Ayl{dk

Woodbury Formula Application
Woodbury then shows:

B, — (I— Aykd£> B (I— dkAy£> AykAy;f
m Ayfdy g Ayfdy, Ayfldy

This is the Davidon-Fletcher-Powell (DFP) update. Also cheap: O(n?), preserves positive definiteness. Not as
popular as BFGS.

‘f - §“}‘l Quasi-Newton methods @ 0
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + boT.

‘f - ﬂ'.‘) Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + boT.

The secant equation Ay, = By, ,d;, yields:

Ay, — Brdy, = (auTdy)u + (bvTd,)v

‘f - ﬂ'.ri Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + boT.

The secant equation Ay, = By, ,d;, yields:
Ay, — Brdy, = (auTdy)u + (bvTd,)v

Putting u = Ay, v = B, d,, and solving for a, b we get:

B,d, dF'B Ay, AyF
By, = By — kLA Di Y RAYg

dj; Bydy, dj; Ayj,

called the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update.

‘f - fny“; Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula
The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:

(A+UCV) ™ = AL — AU(C + VATIU) VA

‘/ - ﬂ'.‘) Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula

The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:
(A+UCV) ' =A" - A'UC '+ VAU 'VA
Applied to our case, we get a rank-two update on the inverse C":

(dy, — CkAyk)dkT dy,(dy, — CkAyk)T (dy, — CkAyk)TAyk

Co1=C, + + - dydl
i F Ay;?dk Ay;{dk (Aylzdk)2 ok
d, Ayl Ay, dT d df
b ( Aydek) i ( Aygdk - Ayfdk

This formulation ensures that the BFGS update, while comprehensive, remains computationally efficient, requiring
O(n?) operations. Importantly, BFGS update preserves positive definiteness. Recall this means B, >~ 0 = By, > 0.
Equivalently, C}, = 0= C}; >~ 0

‘f%m‘; Quasi-Newton methods P00 O 38
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Code

® Open In Colab

‘f — min
Tz

Quasi-Newton methods
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Code

® Open In Colab
® Comparison of quasi Newton methods

— mi N
‘f fny“; Quasi-Newton methods
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Code

® Open In Colab
® Comparison of quasi Newton methods
® Some practical notes about Newton method

— mi N
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